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Abstract 

We consider the A-site Uq{gl{M)) integrable spin chain with periodic and open diagonal 
soliton-preserving boundary conditions. By employing analytical Bethe ansatz techniques we 
are able to determine the spectrum and the corresponding Bethe ansatz equations for the general 
case, where each site of the spin chain is associated to any representation of Uq{gl{J\f)). 

In the case of open spin chain, we study finite dimensional representations of the quantum 
reflection algebra, and prove in full generality that the pseudo-vacuum is a highest weight of 
the monodromy matrix. 

For these two types of spin chain, we study the (generalized) ’’algebraic” fusion procedures, 
which amount to construct the quantum contraction and the Sklyanin determinant for the 
Uq{gl{M)) and quantum reflection algebras. We also determine the symmetry algebra of these 
two types of spin chains, including general K and K~^ diagonal matrices for the open case. 

The case of open spin chains with soliton non-preserving boundary conditions is also pre¬ 
sented in the framework of quantum twisted Yangians. The symmetry algebra of this spin 
chains is studied. We also give an exhaustive classification of the invertible matricial solutions 
to the corresponding reflection equation. 
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1 Introduction 


For a long time, integrable systems, in particular spin chains models, have attracted much attention. 
The importance of these models relies on the fact that nonperturbative expressions of physical values 
(eigenstates, correlation functions,...) may be obtained exactly. Due to this property, numerous 
applications have been obtained in different domains of physics (condensed matter, string theory,...) 
as well as mathematics (quantum groups,...). Among the different approaches used to solve integrable 
problems, the Bethe ansatz [1] has been historically introduced to obtain eigenstates of the XXX 
model proposed by Heisenberg [2]. Then, various generalisations of this ansatz have been successfully 
constructed and applied. In this paper, we shall use a generalisation of this method, called analytical 
Bethe ansatz [3], to hud the spectrum of the periodic Uq{gl{M)) spin chain (XXZ model) where at each 
site the Uq{gl{M)) representation may be different. The construction of these models follows the same 
lines that the one done previously for the gl{M) spin chain [4] and is based on the hnite irreducible 
representations of Uq{gl{J\f)). Then, to hnd the energy spectrum, we need to know a particular 
eigenvector (which is simply the highest weight of the chosen representation), to determine the 
symmetry and to obtain the explicit form of the Uq{gl{M)) center. The knowledge of these algebraic 
data is sufficient to compute the full spectrum of the so-called transfer matrix (which gathers N 
Hamiltonians for the N sites spin chain). 

More recently, the introduction of boundaries which preserve the integrability of well-known 
models has been also investigated [5,6]. In the present context, the construction of the llq{gl{Af)) spin 
chain with non-periodic boundaries consists in studying the representations oiUq{gl{M)) subalgebras 
instead of the whole algebra. In particular, we study the quantum reflection algebra and the quantum 
twisted Yangian which are respectively associated to the soliton preserving (SP) and soliton non¬ 
preserving (SNP) boundaries. In the SP case, we determine the symmetry algebra and the spectrum 
of the corresponding transfer matrix, using the analytical Bethe ansatz. This case is very similar to 
the closed spin chains case. In the SNP case, we present the algebraic setup and classify the matricial 
solutions to the corresponding reflection equation. However, the absence of diagonal solution prevents 
us from completing the study, for one cannot hnd a reference state (pseudo-vacuum). 

The plan of the paper is as follows. In section El we introduce the algebraic structures which will 
be needed for the study of spin chains models. They consist in the quantum affine algebra (section 
inn and the quantum rehection algebra fsection l2.2|l . both of them based on the gli^Af) algebra. We 
will also remind the irreducible hnite-dimensional representations of the quantum affine algebra, and 
study those of the quantum rehection algebra. To our knowledge, this latter study is new. Then, in 
section IHl we construct the spin chains associated to these algebraic structures: closed spin chains 
for quantum affine algebra fsection l3.1j) and SP open spin chain for the quantum rehection algebra 
fsection l3.2jl . We compute their spectrum, through the use of the analytical Bethe ansatz. Finally, 
we introduce in section the framework needed for the study of SNP open spin chains. The algebraic 
setting consists in the quantum twisted Yangian fsection l4.1|l . SNP open spin chains are introduced 
in section We classify the matrices obeying the corresponding rehection equation. However, due 
to the absence of diagonal solution, the usual Bethe ansatz does not work: we argue on the complete 
treatment of these spin chains. Appendices are devoted to some properties of the R matrices involved 
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in the study (appendix |^, as well as to the fusion procedures used for the analytical Bethe ansatz. 
At the algebraic level, these fusion procedures amount to construct the quantum contraction and the 
Sklyanin determinant for the Uq{gl{Af)) and quantum reflection algebras fappendices IHl and 1^1 . 


2 Algebraic structures 

In this section, we describe the algebraic framework needed for the construction of the different spin 
chains which will be presented in the next section. Depending on the boundary conditions we will 
impose on the spin chain, two types of algebras will show up: the quantum affine algebra and the 
quantum reflection algebra. They both rely on the R matrix of Uq{gl{M))., and we have gathered the 
different properties of this matrix in appendix El 


2.1 The quantum affine algebra Uq{gl{J\f)) 

2.1.1 Definitions 

One starts from the exchange relations of hnite dimensional Uq{gl{M)) algebra: 

Ri2 C.2 ~ ^2 ; Ri 2 C-i C2 ~ -^2-^12 j Rl2^l^2 ~^2^\ -^12 (2-1) 

where R\2 is given by (EH) and C. are upper (lower) triangular matrices dehning Llq{gl{Af)), 

i.e. 

^ with C. (2.2) 

l<a<b<J^ l<b<a<J^ 

There are supplementary relations between the diagonal elements, namely 


CC„ = C„C = 1 ■ (2.3) 

The algebra lAq{gl{N')) (noted for brevity lAq) is dehned by the following fundamental relations, 
known as FRT relations [7,8] 

Ri 2{-) Ri{z) Ri2{-), (2.4) 

w w 

Rui-Rf (z) ^2 M Rii^) Ri2i-q~''), (2.5) 

w w 

where, as usual in auxiliary spaces formalism, jCf{z) = jC^{z) 01^^^ End{C-^) 0 End{Q^) 0 Uq, 
= Iac R^{z) G End{E/^) 0 End{E/^) 0 Uq and Ri 2 {^) G End{C^) 0 End{E/^) is given by 
()A.27jl . The space End{C'^) is known as the auxiliary space and c is the central charge (which will 
be set to zero below). 

R'^iz) G End{C-^) ®lAq gathers the generators as 

+ 00 N J\f 

= E E = E (z), (2.6) 
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with the constraints 


= il;”’= 0. l<<i<i.<A^ (27) 

ii:"’ L'-J’ = L'J" ilt”' = 1. O = 1.... W. (2.8) 


Note that, due to the convention we take for the R matrix, the C^{z) operators are even in z, so 
that the series expansion involves even integers only. 

Remark also that the ’’level zero” generators and span a finite dimensional algebra 

which is nothing but the Uq{gl{M)) algebra: in the following, we will identify with 

lAq is endowed with a coproduct IS. \lAq ^lAq®lAq 

A(/:±(z)) = (2.9) 

A(c) = Cl + C2 (2.10) 

where 0 denotes the auxiliary space, and 1, 2 label the copies of Uq in which act the operators. For 
instance, /lo2(^) trivially in the hrst copy of lAq, while Ci = c<^ 1 and C 2 = 1 ® c. 

When c = 0 (which will be always the case in section IH]), the coproduct reduces to 

AT 

^(^a6(^)) = a, 6 G {!,..., AT}. (2.11) 

C=1 

More generally, one dehnes recursively for N > 2 

^(N+i) ^ 0 A) O A(^) : Uq (2.12) 

with A*^^) = A and A^^^ = id. The map A(^) is also a morphism, i.e. 


^o^(^) = (2.13) 


also obey the relations dzi-ra and the constraints (12ID-(I2IH1). As usual, the indices i G {1,..., A}, 
here labeling copies of Uq, are suppressed from T, and we only keep the index 0 corresponding to 
the ‘auxiliary space’. 

As we shall see below, in the context of spin chains, T^(z) will be seen (after being represented) 
as monodromy matrices. For the moment, we remark that this construction is valid at the algebra 
level, i.e. before any choice of representations, a property which justihes the name of universal (or 
algebraic) monodromy matrices for T^{z). Correspondingly, we introduce two universal transfer 
matrices 

t^{z) = tro TA{z) (2.14) 

which are elements of U^^. It can be then shown via ()2.4j) - ()2.5| ) that [9] 


f{z), f'{w) 


0 , 


e,e' G {+, — 


(2.15) 


We remark that we have two transfer matrices: in fact, we will see below that the construction of 
a spin chain needs only T~^{z) (hence only t~^{z)), because the construction based on T~{z) (and 
t~{z)) is equivalent. 
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2.1.2 Symmetry of the transfer matrix 

The relations (1231)-(123), using the form (jA.28jl of the R matrix, can be rewritten as (when c = 0): 


\T,(z),%(w)] = {T,’(z)T,V)-T,(u,)ri(5)}p’, + ^{T,WTiW-T 2 ( 2 )r,w}'P (2.16) 

where 'T{x) stands for T^{x) or T~{x), 'T^{z) for its g-deformed operator dehned in relation (jA.2nj) 
and q = q~^. 

Taking the trace in the auxiliary space 1 leads to 

[t(z ), T(w)] = [T‘'(z) - ^ T(z ), T(w )]. (2.17) 

Then, using the expansions 

T^{w) = + o{w^^) , ^ (2.18) 

one can compute the action of the Uq{gl{M)) generators on the transfer matrix: 

[((s), £*| = 1T«(Z) - ,T'T(^), £±|. (2.19) 

In particular, considering the diagonal terms, using the fact that is triangular and the commuta¬ 
tion relations [^f^ , Tjj{z)] = 0, one gets the following result: 

Property 2.1 All the Cartan generators of the finite Lie algebra Uq{gl{M)) commutes with the 
universal transfer matrix, 

[4,t(^)]=0, i = (2.20) 

Thus, they generate a U{1)^ symmetry algebra for the closed spin chains. 

2.1.3 Representations and evaluation map 

Since the spin chain interpretation will be possible through the use of representations of the algebra 
we consider, we now describe them. The irreducible finite dimensional representations of Uq{gl{M)) 
are built from those of Uq{gl{M)) using the evaluation morphism. 

It is easy to show that the (evaluation) map 

C-^{z) ^ C-- (2.21) 

C-{z) ^ C-^ - z-"^C- (2.22) 

dehnes a homomorphism from Llq{gl{Af)) (at c = 0) to Llq{gl{Af)). Note that C^{z) and C~{z) are 
represented in the same way (up to a multiplicative function of z). In fact, when c = 0 (which is 
always the case for finite dimensional representations), they play the same role and we will rather 
work with 

C{z) = zC+ - z-^C~ . (2.23) 
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Let us remark however that both for the mathematical framework, or for the analyticity properties 
used in Bethe ansatz, one should work with C^{z) rather than C{z). Unfortunately, it is this latter 
notation which is used in spin chains context, so that we stick to it. We will come back to this point 
in section Em 

The construction of hnite dimensional irreducible representations of Uq{gl{M)) is rooted in this 
evaluation morphism. Thanks to this map, each representation of Uq{gl{M)) can be lifted to a 
representation oilAq^gl^M))i and indeed, it can be shown that all (up to twist by sign automorphisms) 
hnite dimensional irreducible representations of Uq{gl{N')) can be constructed in this way (when q 
is neither a root of unity, nor zero), see for instance [10], section 12.2.B. Since we will use this 
property in the next section to build the different spin chains based on Uq{gl{Af)), we describe this 
construction. 

We start with a highest weight hnite-dimensional irreducible representation of Uq{gl{N')), M{vj), 
with highest weight tu = (tui,..., wjq-) and associated to the highest weight vector v. This highest 
weight vector obeys 

-y = 0 , l<h<a<U (2.24) 

q-^-v , l<a<U (2.25) 


where (when q is generic) tui,... ,wj\f are real numbers with Wa — voa+i G and rja = ±1, 
(see [11] and theorem |d.II below!. When g is a root of unity, the parameters zui,... obey more 
general relations. In what follows, we will formally redehne Wa in such way that = +, and assume 
that the weights vja obey the conditions for the representation to be irreducible, hnite dimensional 
and highest weight (including the cases where g is a root of unity). Then, the repetitive action of 
f < 0 , < h < Af, generates the other states of the representation. 

Using the evaluation homomorphism (EH, one infers from M{z!j) an irreducible hnite dimensional 
highest weight representation Mzi^va) foi Uq{gl{N'))\ 

Lab{z)v = 0, 1 <h < a < M (2.26) 

Laa{z)v = [zq^^ - n , I < a < M (2.27) 

More generally, using the morphism one constructs the tensor product of such representations 

M^gai('n 7 d)) ® ® ( 117 (^ 1 ), with so-called ‘inhomogeneity’ parameters an and highest weights 

...,n = 1,... ,N. This tensor product infers a representation for the universal 
monodromy matrices T^{z) = C^{z): 


Tab{z) a; = 0, 1 <h < a < M (2.28) 

N 

Taa{z) o; = n UJ = Pa{z) UJ (2.29) 

n=l 


where 00 = is the highest weight vector of i 

are related to the Drinfel’d polynomials Da{z) characterizing the 
namely 

Pgjz) _ Dgjqz) 

Pa+liz) Da{z) 


= 1,... ,N. The functions Pg{z) 
representation in the usual way, 

(2.30) 
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Being a highest weight vector of the monodromy matrix, oj is an eigenvector of the transfer matrix: 

Af 

t{z) uj = (z) CO with A°( 2 ;) = (2-31) 

a=l 

In a mathematical context, the quantum contraction or quantum determinant generate central 
elements of the algebra Uq{gl{M)) . In the spin chain context, they allow one to obtain constraints 
on the eigenvalues of the problem. The different useful formulae are gathered in appendices El and 
o For a given representation, the quantum contraction and the quantum determinant of T(z) take 
respectively the simple forms 

M 

6 {T{z)) = 1 and qdetT{z) = . (2.32) 

a=l 

To prove these formulae, we have used relations (IB. 411 and (inii) applied on the highest weight vector 
a;, the statement that the quantum contraction and quantum determinant are proportional to the 
identity matrix (because it belongs to the center of lAq{gl{N'))) and the convention that the length 
of the identity permutation is zero. 

2.2 The quantum reflection algebra 

2.2.1 Definitions 

The quantum reflection algebra IZ is constructed as a coideal subalgebra of Uq{gl{J\f)). This general 
construction can be done for ’’any” quantum group dehned by an FRT relation of type (El provided 
the R matrix obeys relation dOl- In a physical context, this construction reflects the possibility, 
starting from a periodic (closed) spin chain, to build a new chain with an (integrable) boundary (open 
spin chain). We focus in this subsection on (some of) the mathematical aspects of the construction, 
postponing the physical contents to the next section. 

As a hrst step, one dehnes 

B{z) = C+{zq-^)C-{z-\^)-\ (2.33) 

where C'^iz) obey the relations ()2.4jl - ()2.5jl and the existence of C~{z~^)~^ , understood as a series 
expansion, is guaranteed by relations (EH- Note that the forms and (Unnii ensure that B{z) is 

analytical. This point has to be related to the remark made in .section 12.1 ..‘li on analyticity conditions. 
However, for c = 0, one can loosely rewrite B{z) as C{z) C{z~^)~^, with C{z) dehned by ()2.2d|l . 

It is not difficult to show that (the generating function) B{z) dehnes a subalgebra TZ, called the 
(quantum) rehection algebra, whose exchange relations take the form 

Rui,—) Pi{z) R2 i{zw) B2{w) = B2{w) Ri2{zw) Bi{z) R2i{—)- (2.34) 

w w 

To prove starting from (E31, one needs the supplementary constraint on R: 

Ri2{z)R2i{w) = Ri2{w)R2i{z), (2.35) 
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which is indeed satished by the R matrix of Uq{gl{J\f)). 

Due to the series expansions UM, B{z) can be expanded as 

OC Af Af OO 

B{z) = 5^ Eab ® ® Bab{z) = (2.36) 

n=0 a,b=l a,b=l n=0 

The 7Z subalgebra is a left coideal (see e.g. [12]) of the starting algebra Wg = Uq{gl{Af)): 

A{B{z)) = C^^{zq~^)Bo 2 {zq~''^)CQ^{q^z~^)~^ G Wg (g) 7^ (2.37) 

where we have used the index 0 for the auxiliary space, and 1, 2 for the two copies of Uq. This formula 

is easily generalized for 

■ (2-38) 

A more general solution of is then given by [6]: 

B{z) = C+{zq-^) K{z) C~{qh-^)-\ (2.39) 

where K{z) is a C-valued matricial solution of the reflection equation, 

Ru{-) K,{z) R 2 i{zw) K 2 {w) = K 2 {w) Ru{zw) K^{z) R 2 i{-). (2.40) 

w w 

The relation ()2.35|1 ensures that K{z) = I is a solution to this equation. 

Although not always relevant for the mathematical structure of the subalgebra, the K matrix is 
pertinent at the physical level, and encodes the boundary which is present in the open spin chain. 
Indeed, from the mathematical point of view, one can replace K{z) by U{z)K{z)U{^)~^, where U{z) 
is any matricial solution of the relation Ri2{-^) Ui{z) U 2 {w) = U 2 {w) Ui{z) Ri2{-^). It amounts to a 
change B{z) U{z)B{z)U{^)~^, where B{z) is built on U{z)C{z)U{z)~^ instead to C{z). All these 
changes being algebra automorphisms, the mathematical structure remains unaltered while the K 
matrix (i.e. the boundary) has changed. 

The diagonal solutions have been classihed in [13], they take the form 

K{z]C) = diagf g,. .^. ,a , (2-41) 

M U-M 

a{z- 0 = - e^), /?(^; 0 = 1- (2.42) 

where is a free parameter characterizing the boundary, and the normalisation has been chosen to 
fulhll the series expansion requirement. 

The modes B = B{Q) generate a hnite version of the reflection algebra, whose exchange relations 
read 


Ri 2 Bi R^^ B2 = B2 R 2 I Bi R 21 . 


( 2 . 43 ) 




Remark that, due to the presence of K{z), the ’’zero mode” B does not generate a full Uq{gl{J\f)) 
algebra: we will come back on this point in section 12 .2.21 
Note that one could also consider 


B^{z) = C^{z)K{z)C^{z-Y^ , (2.44) 

whose commutation relations are also of the form (ESI, but do not lead to analytical entries for 
B'^lz). However, in the spin chain context, we will be interested only with hnite dimensional rep¬ 
resentations, which have c = 0 , so that we will not distinguish the three types of embeddings (we 
remind that C~^{z) and C~{z) are represented in the same way in evaluation representations, see 
.section 1^.1 .dj) . From now on, we will set c = 0 and drop the ± superscript. Nevertheless, we want to 
stress that only dehnitions of the form lead to a coideal subalgebra when c 7 ^ 0 . 

The (universal) monodromy matrix related to this algebra will be defined using the morphism 
A(^): 


B^{z) = A^^'>B{z) 


Coi{z)Co 2 {z).. .Con{z)Ko{z)Con{z ^) ^..£ 02 ( 2 ; ^) ^£01 (^ ^) ^ 
%{z)Ko{z)%{z-^)-\ (2.45) 


The monodromy matrix A^^'>B{z) also obeys the relation (I2.d4j) . Upon representation, this mon¬ 
odromy matrix will correspond to an open spin chain with N sites. 

Finally we introduce the (universal) transfer matrix of the open spin chain [ 6 ]: 

b{z) = tro (z) B^{z )^, (2.46) 

where K~^{z) is a solution of the dual reflection equation: 

Ri2(j) {Kt{z)Y Mfi R2i{p-h-^w-^) Ml [k+{w)Y = 

(^K+{w)Y Ml R,2{p-^z-^w-^) Mfi (^Kt{z)Y R 2 i(^). (2.47) 

We have introduced p = and the matrix M, dehned in flA.12fl . 

Note that M is a solution of (Em, which ensures that this construction can be performed. In 
fact, from any solution K{z) to the reflection equation (I2.d4j) . one can generate a solution K^{z) to 

the dual equation (ITTTIi through the combination K^{z) = f{z)(j^{{pz) ^)j M where f{z) is an 
arbitrary function. Hence, starting from a diagonal solution for K{z), one can deduce a diagonal 
solution for K^{z): 


K^{z) = di&g(^q ^a,q ^a,...,q a, q ‘^f3,...,q {3^, 

M+ U-M + 

where a{z- ^+) = 1 - {p^+zf, p{z; ^+) = {pzfiipzf - ^+) . 


(2.48) 

(2.49) 


The normalisation has been chosen in such a way that K~^{z) has analytical entries. Let us stress 
that, when considering a couple of diagonal solutions given by (ICTl) and (EH, the parameters 
A4 and .^+, Af+ are not necessarily related. 
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Again, it can be proved using only the reflection equations (ESI, (1^^ - and the properties of 
the R matrix, that [6] 


6(z), h{w) 


= 0 . 


(2.50) 


It will ensure that the open spin chain derived from is also integrable. 


2.2.2 Finite dimensional snbalgebras of the reflection algebra 

From the reflection algebra, one deduces (in the limit tc —> 0)^ 

B^{z) i?r2 ^2(0) = ^2(0) Sl(^) ^21 (2.51) 

where the above R matrices are the finite ones of appendix lA.ll It proves that B{0) generates a 
subalgebra and that B{z) is one of its representation. To identify this subalgebra, one needs the 
expression 

A:(0) = . (2.52) 

M Af-M 

This expression shows that i3(0) is constructed on the generators ifj and with i,j > A4. It 
corresponds to the (finite dimensional version) of the reflection algebra based on Uq{gl{M — M)) . In 
fact, this algebra is known to be isomorphic to the Uq{gl{N' — M)) algebra itself. This is mainly due 
to the triangular form of so that B{0) = is just a (invertible) triangular decomposition^. 

Thus, we conclude that B{0) generates the finite dimensional llq{gl{Af — M.)) algebra. 

One can construct from B{z) another subalgebra in the following way. One introduces 


1 


B{z) = -B 




which satisfies: 


-Ri2( —) Bi{z) R2 i{,Zw) B2{w) = B2{w) Ri2{,Zw) Bi{z) i?2l( —^ 
w w 

Rui—) Bi{z) R 2 iizw) B 2 {w) = B 2 {w) Ri 2 izw) Bi{z) i?2l(—) 
w w 


B{z) admits a. z series expansion, so that we get from (I2.55|l when w 


oo: 


Biiz) R 21 B 2 {oo) = B 2 {oo) Ru Bi{z) R 


^2 


(2.53) 

(2.54) 

(2.55) 

(2.56) 


Once again, it is the form of K{z) = K{z~^)~^ which determines the subalgebra generated by 

B{oo): 

K{oo) = diag{l ,..., 1, 0,. , 0 ). (2-57) 

M U-M 

This proves that B{oo) generates a lAq{gl{M.)) algebra based on the generators £7 and with 
i,j<M. 

Finally, since B{0) (resp. B(oo)) depends on £7 and £~- with i,j > A4 (resp. with i,j < M.) only, 
we deduce: 


^Note that this limit is well-defined only for the form (ESS), not for the alternative expressions 12.4411 . 
^However, one has to allow square roots and inverses for some generators. 
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Lemma 2.2 When K{z) is diagonal, i3(0) (resp. B{oo)) generate a finite dimensional Uq{gl{J\f — 
M.)) (resp. Uq{gl{M.))) subalgebra of the guantum reflection algebra. 

These two subalgebras commute one with each other, and thus are in direct sum in the guantum 
reflection algebra. 


2.2.3 Symmetry of the transfer matrix 

To identify the symmetry algebra, we need the following lemma: 


Lemma 2.3 For any (operator valued) matrix B{z), one has 

tri (Ml i?i2 Bflz) = tr {M B{z)) I = tr^ (Mi Bflz) R 21 ) . (2.58) 

Proof: We hrst prove the hrst equality 

tr, (Ml Ru B,{z) Rfi) = tr, ((Mi R,^ B,{z)y^ {RuY") = R, {b\{z) R% M, {Rf^Y") (2.59) 

= tr, {B\{z) Mflj = tr,{M,B,{z)) (2.60) 

where we have used (jA.llfl . 

For the second equality, one uses (ESI) to write 

tr, (Ml Rf^ B,{z) R 2 ,) = tr, {M, W R^ ^2 B,{z) W R 12 fh V 2 ) (2.61) 

= tr, ((1// 1/2 ^^^2' Vi y2 B, {z)Y^ {V, V 2 R,2 V, V 2 )) (2.62) 

= tr, (i3( (z) V( V 2 {RuY'' R% V( l^) (2.63) 

= tr, {Bi{z) V( V 2 Mf' Fi* V 2 ) = tr, {B{{z) M,) = tr, {M, B,{z)) (2.64) 

We used fjA.lH) in the last steps. ■ 

Now, from the relations and (izni, one deduces 

tr, {M,R ,2 B,{z) R(f) B2i0) = i32(0) tr, {M,Rff B,{z) R 2 ,) (2.65) 

tr, [M,Rf^ Ri{z) R 21 ) -62(00) = 62(00) tr, [M,R ,2 B,{z) Rf^) ■ (2.66) 

Thus, one gets the following property: 


Property 2.4 When K~^{z) 
defined in obeys 


M and K[z) is a diagonal matrix \ 2 . 4 i ), the transfer matrix h{z) 


[6(0), b{z)] = [B{oo ), b{z)] = 0. 


(2.67) 


Hence, the open spin chain admits a finite dimensional Uq{gl{Af — Ad)) © Uq{gl{M.)) symmetry 
algebra. 
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This property is valid whatever the quantum spaces are, and generalizes the results obtained 
in [14,15] in the case of fundamental representations. 

When K~^{z) is a more general diagonal matrix, the symmetry is reduced. To study this symmetry, 
we need the following lemma 

Lemma 2.5 For a general diagonal matrix K^{z) = diag{ki{z ),..., kj^{z)), and for any (operator 
valued) matrix B{z) = Yl''^b=i Bab{w) Eab, one has: 

tr+{w) = tr 2 {Kf{w)R( 2 B 2 {w)Ri 2 )=b{w)I+ ^ Xab{w) Bab{w) Eab (2.68) 

tr_{w) = tr 2 {Kf{w)Rf(B 2 {w)R 2 i)=h{w)lF ^ Xab{w) Bba{w) E^a (2.69) 

Xab{w) = {q-q~^){q~^ka-qh-{q-q~^) k^ (2.70) 

a<c<b 

where h{z) = tr(^K~^{z) B(z)). 

Proof: Direct calculation. ■ 

Then, one has: 

Property 2.6 Let K{z) (K^{z) resp.) be a diagonal solution of \2.34]) (of resp.) with pa¬ 
rameters (parameters (^+,Af+) resp.). One has the following commutation relations: 

[B,j{0) , b{w)] = 0, (2.71) 

[Bij{oo), b{w)] = 0, i,j>M+ (2.72) 

Hence, for Max = rnax(M, M+) and Min = min{M, M+), the open spin chain transfer matrix 
admits a lAq{gl{Min)) ®Llq{gl{Max — Min)) ® Og(gl(JV — Max)) symmetry algebra. 

Proof: Starting with the reflection equation (ESI, taking the limit z ^ 0, then multiplying by 
Kf{w) and taking the trace in the space 2, one gets 

B{0) tr+{w) = tr_{w) B{0 ), 

where we used the notation (ITTlHll and (ESI- The projection of this equation on Eij gives 

[Bij{0) , b{w)] = ^ Xajiw) Bia{0) Bajiw) - ^ Xaiiw) Bia{w) Baj{0) (2.73) 

l<a<2 

where Xab{w) is defined in flTTnil . 

Now, since K^{z) is a diagonal solution ()2.48|1 . its diagonal terms obey 

ka{z) = q^^’’-^^kb{z) when a,b<M+ or a,b> M+. (2.74) 
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Using this property, one is led to Xab{z) = 0 when a,b < or when a,b > Plugging this 

result in eq. (ITTHll for i,j < A^+, one gets (IT7T1) . 

In the same way, starting with (EMI), taking the limit w —> oo, then exchanging the spaces 1 and 
2, one obtains 

B{oo) tr_{w) = trj^{w) B{oo ), 

which leads to 

[Bij{oo) , b{w)] = ^ Xia{w) Bia{w) Baj{oo) - ^ Xja{w) Bia{oo) Baj{w) 

Hence, for i, j > A^ + , one gets (EH- 

Finally, one concludes using the results of section 12.2.21 and considering the cases i,j < A4in, 
Min <i,j < Max or Max < hj- ■ 


The implementation of more general non-diagonal boundaries reduces even more the symmetry 
leading to a hnite set of conserved quantities that commute with the open transfer matrix, that is 
the boundary quantum algebra [16,17]. 


2.2.4 Finite dimensional representations 

For the study of the representations of the reflection algebra, we follow essentially the lines given 
in [18] for the reflection algebra based on the Yangian of gl{N'), and in [19-21] for the twisted 
Yangian. 

We introduce the quantum comatrix, dehned by 

f{z) T{zq^-^) = qdetT{z ), (2.75) 

where the quantum determinant qdetT{z), which generates the center of is dehned in 

equation (EH). The quantum comatrix is essentially the inverse of T{z), which motivates its use in 
the study of quantum rehection algebras. It can be shown that it takes the form 


Tij{z) = 




where (oi, 02 ,..., clm-i) = (1, ■ ■ ■, J ~ 1, J + 1, • • ■ ^M). Moreover, it obeys the following lemma, 
proved using the steps given in [18] for the rehection algebra (based on the Yangian of gl{M)) and 
in [20,21] for the twisted Yangians: 


Lemma 2.7 If uj is a highest weight vector ofT{z), with eigenvalue {Pi{z),... ,Pj^{z)), then it is 
also a highest weight vector for the comatrix, with 

fuu = Pi{zq^-^) ■ ■■Pi.i{zq^-^)Pi+,{zq^-^-^) • ■■P^{z)uj = P,{z)uj (2.76) 
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Since the quantum comatrix T{z) and the inverse matrix T{z) ^ are related through the quantum 
determinant, this lemma also proves that a; is a highest weight vector for with eigenvalue 

T-\z)uUJ= a; = j ^ ^ ' 

(2.77) 

This property is essential for the following theorem: 


Theorem 2.8 Ifoj is a highest weight vector ofT{z), with eigenvalue {Pi{z ),..., Pj\f{z)), then, when 
K{z) is a diagonal matrix it is also a highest weight vector for B{z), with eigenvalues 


Bii{z)uj 


Tkiz) 


f a{z-,f) ; k<M 

b(qk-iz2) ^ \ l3{zq-^-,i) ; k>M 


(2.78) 

(2.79) 


where b{z) = z — z and the expression of Pj{z) in terms of Pk{z) is given in \2. 7?! ). 

Proof: One needs to compute Bij{z)uj for j < i. Denoting by Dk{z) the diagonal elements of K{z), 
it takes the form: 


Bij{z)uj 


Y, r,(z)Dt{z)T;pz-')w 


6i,Di(z)T,dz)Tz^z-^)u+ Y Dk(z) 


Tik{z), 




UJ 


(2.80) 


where T^^{w) stands for (T ^(tc))^^.. From the relations (I2.4|l applied to T(^), one deduces (for 
k < j <i)'. 



with a(a;) = qx — {qx)~^ and b(a;) = x — x~^, see appendix 1X1 
We first consider the case j < i. 

Applying the above relation to to, one gets 


—a{z/w) 

q-q-^ 


Tik{z)T,^.\w)uj 


^ Tia{z)T^j\w)u+'^ Tia{z)T^j\w) u; 

l<a<k k<a<J\f 


(2.82) 


14 















Considering the case k = j, one obtains 


5^ = 

l<a<j 

Plugging this result in the former equation, we get, through iteration 


which proves that 


Tik{z)T^j{w) a; = 0 , k <j <i, 
Bij[z) a; = 0 , j < i. 


We now turn to the case i = j ■ 

Applying uj to the commutator (EHH), one is led to the following equations (for k < i): 


a{z/w) 


Fik{z, w) + — Fia{z, «;) + — < Fia{z, w) -y^ G 
0—1/0 wz 

' a<.k K.k<a<i a<k 

= ~(^'^i{z,w) - '^kiz,w)^ 

-Gik{z, + ^ 1 w) - F; 

a<k \k<a<i a<k 


ka{z,w) 


a{z/w) 
q- l/q 


ka[Z,W) 


W 


^i{z,w) - ^k{z,w) 


with 


Fik{z, w) = Tik{z) Tj^-^{w)uj ; Gik{z, w) = T-f^\w) Tki{z)ijj 
'^i{z,w) = Fii{z,w) = Gii{z,w) = Tii{z)T~y {w)uj = Pi{z)Pi{w)uj 


(2.83) 


(2.84) 

(2.85) 


( 2 . 86 ) 

(2.87) 

( 2 . 88 ) 

(2.89) 


(2.90) 

(2.91) 


This system in Fab{z,w) and Gab{z,w), 1 < b < a < J\f, is triangular in the first index of F and G, 
and invertible (modulo lower indices) in the highest first index, so that it admits a unique solution. 
It is then easy (but lengthy) to show that the solution is 


Fik{z,w) = {q -l)F[i^ {z,w) 

G.t(^,w) = tf-1) (/;)%""-" 


(2.92) 

(2.93) 


where et are linear combinations of the T’s: 


F[:yz,w) = 

Gltiz^w) = 


'^k{z,w) ‘^'^i{z,w) 

q2k^2 _ ^ g2i-2^2 _ 

^kiz,w) _ ^i{z,w) 

q2k^2 _ I q2i-2^2 _ I 


2 — 1 


+ (l-9") E 


g2(a k 


^ + E 


a=fc+l 


(g2a^2 _ l'j(^q2a-2^2 _ 

q^a -2 ^2 W) 

(^q‘iaj.2 _ l^(^q2a-2^2 _ 


a=k-\-l 

*-l ^2a-2 ^2 
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where x = ^. Since rc) is proportional to a;, this proves that a; is a highest weight for B{z). 

Plngging the value of z ^ into the equation (Eini), one gets the eigenvalues 


Bu{z)^ = ( D.{z) PM - 1) ^ D,(z) 


l<k<i 


2—1 


+(1 - i-) i'"° 


a=k+l 

which can be rewritten in the form 


-k-l) Pa{z)Pa{z 

{q'^°‘z‘^ — — 1) 


u, 


g2l-2^4: _ I 

(2.94) 


2—1 


Bu{z) u = I Ti{z) P,{z) P,iz-^) + ^ 


- 1 
^ q'^^z^ — 1 


Fi-fz) Phiz) PJz 


-l^ 


OJ 


Tk(z) = Dk(z) - 


- 1 


k-l 

n2k-2^4 _ 1 ^ V 

^ a=l 


q^^-2^-^ D,{z) 


(2.95) 


Implementing the diagonal form (Em, we get (IT7Hll - (IT7ni) . ■ 

As a consequence of this theorem, we can compute the transfer matrix eigenvalue of the pseudo¬ 
vacuum UJ\ 


Corollary 2.9 IFhen K^{z) is a diagonal matrix \2.4<^ , the highest weight vector uj is an eigenvector 
of the transfer matrix h{z) given in B§-- 


M 


h{z) to 
9j{z) 


= A°(z)a; with A^{z) = '^^gj{z) Pj{z)Pj{z~^) 

t=i 

g2N-2M+ ~^^gM+-Af . 


Y.(z)n-P^^^FF. X 

b{qiz^) 


(2.96) 


J<M+ 

j > M+ 


(2.97) 


where ^j{z) are given in and Pj{z) in \2. 7?! ). 

Proof: Direct calculation using the expression of b{z), the diagonal form (I2.48|l for K^{z) and the 
eigenvalues dZIED. ■ 

Although each function gj{z) possesses some poles at the points = q~\ the residues of A°(z) 
vanish due to the particular forms of P{z), a{z;f), (3{z;f), a{z]fjf) and I3{z]fjf)- 


2.2.5 Quantum contraction and Sklyanin determinant 

As in the case of the Yangian, we can construct series whose coefficients give central elements. In 
appendices iB] and o we recall the construction of two of them: the quantum contraction of B{z) 
and the Sklyanin determinant. In the spin chain context, they allow one to obtain constraints on the 
eigenvalues of the problem. 
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If K{z) is given by relation (I2.41j) and K~^{z) by (I2.48j) . then their quantum contractions take the 
following simple forms 

6{K{z)) = a{zp;0 f3{zp;0 (2.98) 

and 

6{K+{z)) = ^ (2.99) 

where we recall that p = For a given representation of the reflection algebra, the quantum 

contraction of the generators is simply given by 5{B{z)) = S{K{z)). 

In the same way, the Sklyanin determinant can be computed in a particular representation and 
becomes ^ 

sdet{B{z)) = sdet{K{z)) JJ ^ J. • (2.100) 

a=i y ) 

The Sklyanin determinant of the diagonal solution (imi) takes the following value 

sdet{K{z)) = J] H H ^ (jt) ’ 

l<a<>l M+l<a<M l<a<b<Af 

where we remind b{z) = z — 1/z and Za = zq°‘~^. We can also compute the Sklyanin determinant of 
K~^{z) when this latter matrix is given by relation (I2.48j) : 

sdet{K+{z)) = J] aiza) n M^aq-^^) n ^ • (2.102) 

l<a<M+ M++l<a<J^ l<a<b<J^ 

The computation of the previous explicit forms of the Sklyanin determinant follows the lines of the 
proof made in the case of the reflection algebra associated to the Yangian [18]. 

3 Spin chains 

Having dehned the underlying algebraic structures, we now turn to the construction of spin chains. 
To each of the above algebras will be associated a different boundary condition: periodic (closed spin 
chain) or soliton preserving (SP open spin chain). In both cases, the monodromy matrix will obey 
the dehning relations of the corresponding algebra. 

3.1 The periodic spin chain 

Let us hrst consider the algebra lAq{gl{N')) as introduced in section ITTI and the corresponding alge¬ 
braic monodromy matrix T{z) = T^{z), given in (I2.18jl . 

The transfer matrix of the system has been also defined (at the algebraic level) in ()2.14|1 . and the 
commutation relation dZED ensures the integrability of the model. We repeat that our description is 
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purely algebraic at this stage, i.e. the entailed results are independent of the choice of representation, 
and thus are universal. Once we assign particular representations on each of the copies of Uq{gl{Af)), 
which then become the so-called ‘quantum spaces’ of the spin chain, the algebraic construction of 
the monodromy and transfer matrices acquires a physical meaning. Then, one may diagonalize the 
transfer matrix (EZHl), which is the quantity that encodes all the physical information of the system, 
and derive the corresponding Bethe ansatz equations [9]. This will be in fact our main objective in 
the subsequent sections. 

Let us also remark that the Borel subalgebra generated by can be viewed as a deformation 

of 3^5 the Yangian of gl{N'), so that the present spin chains are ‘deformation’ of the spin chain 
models build on 3V- Hence the present algebraic construction can be viewed as the ‘deformed’ 
counterpart of the one done for the Yangian in [4]. The study of spin chains based on the full 
Uq{gl{Af)) algebra (or on the quantum double of JV) is still lacking (to our knowledge). In the 
same way, we have assumed that the irreducible representations are finite dimensional, to ensure the 
existence of the Bethe ansatz reference state. However, one can also define spin chains with infinite 
dimensional representations, although a Bethe ansatz is lacking in this context. These spin chains 
are the ones used in large N QCD; it is clear that a study of them would be of interest. Note that in 
the case of infinite dimensional representations, one can take a non-vanishing central charge c: the 
different definitions for the monodromy matrix will then become inequivalent. 

3.1.1 Spectrum of the periodic spin chain 

We shall now derive the spectrum of the periodic spin chain by implementing the analytical Bethe 
ansatz formulation. We denote by Tq{z) the represented monodromy matrix. 

The first step is to derive an appropriate reference state, that is a state which is an eigenvector of 
the transfer matrix. This is provided by the highest weight vector ut of the Uq{gl{M)) representations, 
as presented in section !^. 1.31 Its eigenvalue is related to the Drinfel’d polynomials characterizing the 
representation, see dOTl) and dzsni). 

Having determined the form of the pseudovacuum eigenvalue we may now assume the following form 
for the general eigenvalue 

M 

a(z) = Y P-1) 

a=l 

where the dressing functions Aa{z) may be derived by implementing a number of constraints upon 
the spectrum (see e.g [4,22-24] for a more detailed description). More specifically, the constraints 
follow from: 

1. The fusion expressions ()B.7fl produces constraints between the dressing functions of t and those 
of t (defined by relation (jB.bjl i. while the generalized fusion (j(h9jl provides a relation among 
the dressing functions of t. Explicitly, using relation (E32I), the constraint reads as 

Af 

l[Aa-i{zq^-‘^) = l. (3.2) 

a=l 
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2. Analyticity requirements, imposed on the spectrum, lead any two successive (up to relabeling) 
dressing functions to have common poles. 

3. The fact that the R matrix and monodromy matrix in the chosen representations are written in 
terms of rational functions (in z) leads to the assumption that Aa should be given as products 
of rational functions. 

4. The asymptotic behaviour of the transfer matrix provides important information about the 
form of the aforementioned products (see section l3.1.2jl . 

5. The parity of the transfer matrix^ 

t{-z)=t{z), (3.3) 

leads to the parity of the eigenvalues. 


The following set of dressing functions satisfy all the aforementioned constraints, for a = 0,..., A/”—1, 

(3.4) 


= n ! ~aL n ’ ’ 


if if -(4“+‘V’ 

where, by convention, = 0 and = 0. We show in the next section how the coefficients 

m(a are related to the eigenvalues of the Cartan’s generators. Finally, requiring analyticity of 
the spectrum, we obtain the following set of Bethe ansatz equations, for a = and k = 


Pa+i(q~i 4°’) 



n 

£=1 


62 


(a) \ 

n 

e=i 






6-1 


2.(“+l) 


where we dehned 


z = 


z2 qfi 


qn 


(3.5) 


(3.6) 


Note that, due to the normalisations we have chosen, the transfer matrix is analytical everywhere 
but zero. Hence, the above derivation is a priori valid for ^ 0. However, since we are dealing 
with hnite dimensional representations, multiplying by an appropriate power of z, one can always 
cure the unphysical pole in zero. 

Let us remark that the right-hand side of the BAE reflects the Lie algebra dependence (through 
the Cartan matrix of gl{J\f)), while their left-hand side shows up a representation dependence (it 
can be rewriten in terms of Drinfel’d polynomials solely, using the relation dzsni)). The choice of a 
closed spin chain model is hxed by the choice of the quantum spaces, i.e. the choice of the Drinfel’d 
polynomials which determine the values Pfc(A). Once these polynomials are given, the spectrum of 
the transfer matrix is hxed through the resolution of the BAE. 


"‘Using an additive spectral parameter this parity is nothing but the periodicity t{X -|- y) = t{X) where g is related 
to the deformation parameter through q = and the spectral parameters z = 


19 













3.1.2 Dressing and Cartan generators 


We have seen that the Cartan generators of the finite dimensional Uq{gl{M)) algebra commute with 
the transfer matrix. It is thus natural to try to connect the dressing used for A(^) to the eigenvalues 
of the Cartan generators. It is done in the following way. 

One hrst take the the limit 2; —*• cxo to get 

N N 

j=l n=l 


where by convention = 0 and = 0. On the other hand, since C{z) ~ z and is 

triangular, one can also compute 




t{z) 






jj 




N 


Now, the Cartan generators 




1,..., A/”, defined by 



''33 




= 


(3.8) 


(3.9) 


where the superscript indicates in which quantum space(s) acts the operator, have been proved to 
commute with t{z). Then, starting from a transfer matrix eigenvector 


t{z) V = A(2:) V , (3.10) 

one can deduce its eigenvalue: 

N 

v = XjV= + ^(a„ + zuf ^)) V , Wj = l,...,Af with = 0 . (3.11) 

71=1 

This result generalizes the one obtained for the usual closed spin chain (see e.g. [15,24]). Indeed, in 
this latter case, all the sites carry a fundamental representation, so that = Sj^i, V n = 1,..., A^. 
Then, for the sl{N') Cartan generators sj = one gets 

Sj V = - N 1) n , V j = 1,..., A/” - 1 with = 0 . (3.12) 

It explains the usual convention = N used generally for this spin chain. However, from the 
general result (mn), we rather use the convention = 0, which is more natural and allows a 
more condensed writing of the BAE. 
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3.1.3 Upper bounds on 

We consider here the case where q is not root of nnity, where we have the following theorem: 
Theorem 3.1 [11] 

The one-dimensional irreducible representations ofLlg{gl{J\f)) have highest weight rj = {rji, , rjj^), 
with rjj ,j = 1,... ,J\f taking values in {l,i, —i, —!}■ 

Any finite dimensional irreducible representation ofUg{gl{J\f)) is described by an highest weight^ = 
T] ■ , where -cj is a dominant weight of gl{Af) and r] describes a one-dimensional representation. 

Then, np to the one-dimensional representations, the stndy of (finite dimensional) representations 
of Ug{gl{M)) is eqnivalent to the case of classical Lie algebra. For simplicity, we will assume in this 
section that the representations in each sites have rjj = 1, Vj. Then the tensor product of such 
representations closes on representations of same type. 

The values dniD allow us to recover the upper bounds for the parameters Indeed, the 

Bethe ansatz hypothesis states that the highest weight vectors of the diagonal gfifif) algebra, whose 
Cartan basis is spanned by the generators, are transfer matrix eigenvectors n, and moreover 

that the eigenvalues of these eigenvectors span the whole set of transfer matrix eigenvalues. Then, the 
different dressings are in one-to-one correspondance with the different gl{M) representations entering 
the spin chain. This also implies that A = (Ai, ..., \j^) given in (j3.1 Ij) must be a dominant weight 
for the gfifif) algebra. 

The spin chain, as a representation of the gl{Af) algebra, reads 

N 

0l/(=.W)= 0<;,V'(A) (3,13) 

n=l \<TX7 

where 

N 

tu = (3-14) 

n=l 

correspond to the pseudo-vacuum eigenvalue, cx are multiplicities and the sum is done on dominant 
weights smaller than zu. We remind that the partial order on weights is defined as follow: one has 
A < -cu if and only if -cu — A is a positive root. Computing this quantity for the eigenvalues (j3.1 1 jl . 
one gets 

M-l 

zzr - \= ^ (Sk-£k+i) , (3.15) 

k=l 

where {sk — £k+i), k = 1,... ,J\f — 1, are the sl{Af) simple roots. Demanding the weights obtained 
from (iniD to be indeed smaller (in the above sense) than -cu, one recovers that the parameters 
are positive integers. 

From the decomposition (jSISl), demanding that the weights A are dominant, one can deduce 
upper bounds on the integers Since Xj, j = 1,... ,J\f correspond to the decomposition of A on 
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the fundamental weights ej, one must have Xj — Aj+i G Vj. Computing this quantity, one gets 

N 

< rij with rij = vjj — cuj+i and vjj = , j = 1 ,..., A/". (3.16) 

n=l 

Note that rij G Z+ because we supposed as a starting point that tu dehnes an irreducible hnite 
dimensional representation of gl{M). 

The condition ()3.16|1 rewrites as 


{AM)j < rij with A the sZ(A/')-Cartan matrix and M = 
Using the fact that A~^ has only positive entries, one deduces 






/ ni \ 


Mj < {A~^ n)j with n = 


\ n^-i 

From the explicit form J\f {A~^)ij = min{i,j) (j\f — max{i, j)), one gets 


At-l 


M Mj k{N' - j)nk+ ^ j{N' -k)nk , Vj = 1,..., A/” - 1 . 

k=j+l 


k=l 


In the particular case of fundamental representations = 5yi), one has Wk = so that 


(3.17) 


(3.18) 


(3.19) 


one 


recovers the condition 


~ u 


(3.20) 


3.1.4 Example: closed spin chain with one defect 


As an example, we study the case of an arbitrary defect in a fundamental spin chain. In term of 
representations, it means that all the representations (all the sites of the spin chain) but one are 
taken to be the fundamental representation oi lAq{gl{N')) . We suppose this particular site to be the 
site p, with 1 < p < A^. 

The h(q{gl{J\f)) highest weights on each site then read for n 7^ p, so that the Cartan 

eigenvalues simplify to 


{zq — z ^)'^ ^ {zq'^^~^^ — z ^q if a = 1 

(z - z-^)^-^ {zq^‘^+^ - z-\-^^-^) if a^l 


(3.21) 


where, for simplicity, we have dropped the superscript p on the highest weight and set all the 
inhomogeneity parameters to 0, except the one of site p, that we noted 9. 
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The monodromy matrix reads 


^o(^) — Rm{z) ■ ■ ■ Ro^p-i{z) LQp{zq^) Rq^pj^i{z) ■ ■ ■ Rqi^{z) (3.22) 

so that one can define a local Hamiltonian (prime denotes derivative w.r.t. z): 

N 


n 

— f(l) t (1) — T-Cjj+i 

(3.23) 


3 = ^ 



- q_q-iKj+iRj+i,j 3^P,P 1 

(3.24) 

-p—l,p,p+l 

~ ^p+i,piQ ) ^p+i,piQ ) + ^p+i,piQ ) Rp-i,p+i Rp-i^p+i Lp^i^p{q ) 

(3.25) 

Kb 

= 2{l-P^J + iq + qKRab, ya^b. 

(3.26) 


This formula is a direct calculation from t{z) = tr^TQ^z), using the properties of (g-)permutations 
and the value of R{1) = (g — q~^)V and R'iX). As usual in periodic spin chains, we have identified 
the site + 1 with the site 1. 

The energies are of the form E = A'(l)/A(l), where A(z) is given in (j3.1 jl . with dressings (j3.4jl . BAEs 
(13-Sj) and Pa{z) as above. A straightforward calculation leads to 


E = 


En = 


/ (1)\2 

Eo + 2(g 1) 

1=1 (^1 -g(^^ ’) ) ) ) 

(3.27) 


(3.28) 


Here, Eo is the energy of the pseudo-vacuum, with normalisations as given in 

Of course, when the ‘defect’ representation is also the fundamental representation, one recovers the 
usual XXZ model. 


3.2 Soliton preserving open spin chain 

This section is devoted to the derivation of the spectrum and Bethe ansatz equations for the integrable 
open spin chain with soliton preserving diagonal boundaries. These boundary conditions physically 
describe the reflection of a soliton to itself, i.e. no multiplet change occurs under reflection. The 
algebraic structure associated to this kind of open spin chain is the quantum reflection algebra 
described in section |2I21 

Our main aim consists in building the corresponding quantum system, i.e. the open quantum 
spin chain. The open spin chain may be constructed following the generalized QISM, introduced by 
Sklyanin [6]. It relies on tensor product realizations of the general solution (j2.3bjl . on the open spin 
chain monodromy matrix 

Bo{z) = %{z) K^{z) T,-\z-^), (3.29) 

and on the transfer matrix b{z) = tr^ [Kq{z) Bo{z)), as they were introduced in section 1^.2. II 
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3.2.1 Spectrum of the open spin chain 

As in the closed case, our ultimate goal is to derive the spectrum and the corresponding Bethe ansatz 
equations. To achieve that we shall need an appropriate reference state. Fortunately, if we restrict 
our attention to the case where both left and right boundaries are diagonal, there exists an obvious 
reference state: the highest weight vector of the lAq{gl{N')) representation (see section !^. 2. 4|1 . 

Having specihed the form of the pseudo-vacuum eigenvalue (ITTIHll . we can make the following 
assumption for the general eigenvalue of the open transfer matrix: 

k{z) = Y,ga{z) Pa{z) Pa{z-^) A^-i^z) . (3.30) 

a=l 

The dressing functions A{z) may be derived by implementing a number of constraints upon the 
spectrum (see e.g [4,25,26] for a more detailed description). In particular, similarly to the periodic 
case the constraints follow from: 

1. The fusion relation (j(h1 7jl . Using the explicit form of the Sklyanin determinant (j2.1()()jl - (j2.1()2j) 
and the value (ITTJTIl of the function ga{z), we hnd the following constraint 

AT 

l[Aa-i{zq^-^) = l. (3.31) 

a=l 

Note that this constraint is similar to the one found in the periodic case and does not depend 
on the chosen representations and on the boundaries. 

2. Parity requirements which means that the dressing functions are only function of z‘^. 

3. The fact that the R matrix and monodromy matrix (in the chosen representations) are written 
in terms of rational functions which implies that A{z) are rational functions. 

4. The remark that every two successive ga have common poles, which must vanish to ensure 
analyticity of the eigenvalues. Namely, the vanishing of the residues at z'^ = q~°‘ (1 < a < M—1) 
implies the following constraints 

A„_i(g-“/2) = I^(g-«/2). (3.32) 


The asymptotic behaviour of the transfer matrix also provides important information about the form 
of the aforementioned products as explained in .section 13.2.21 f.see also [24,25]). 

The following set of dressing functions satisfy all the aforementioned constraints: 


Aa(z) 


^ ga+2 ^2 _ (^(a)^2 ^,+2 ^ 

i=i z'^ - q {z^f^Y 9 '“^^ ~ ^ 

a = 0,..., A/" — 1 


n 


i=i 


qa z^ _ q 

qa+i ^2 _ ('2;U+i)^2 


- Q 

qa+i ^ 

(3.33) 
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where we recall that = 0 and = 0. Finally by requiring the vanishing of the residues 

at z = we obtain the following set of Bethe ansatz equations, for a = and 

k = l ,... 


9a{z^ 


Pa{z^k^ q 2 ) 


ga+Mk q ^a+i(gV4 ) ^a+i(4 g 

=- n n^2(4“^- 

£=1 




n 4 


(Ct+l)-! 


£=1 


£=1 


(3.34) 


where we dehned 


e„(^;ta) = en{z/w) en{zw). 


(3.35) 


Again, the right-hand side is linked to the gl{M) Cartan matrix, while the left-hand side is related 
to the chosen representations. The choice of an open spin chain model is now determined by two 
types of data: 


1. The choice of the quantum spaces, i.e. of the Drinfel’d polynomials hxing the eigenvalues Pk{z). 

2. The choice of the boundary conditions, i.e. of K{z) and of K~^{z), which hxes gk{z). 


Then, the spectrum of the transfer matrix is given by the solutions to the BAE. 


3.2.2 Dressing and Cartan generators 

As in the closed case, one can relate the dressing with the Cartan generators eigenvalues. Starting 
from a transfer matrix eigenvector v, with eigenvalue 

b{z) V = A(2:) V , (3.36) 

one can deduce, taking the limit z ^ 00 , the eigenvalues for the Cartan generators of the hnite 
dimensional symmetry algebra: 

N 

Bjj v = 2 n , Vj = 1,..., AT with = 0 and = 0. (3.37) 

n=l 

This expression is valid whatever the representations on each site are. Let us also remark that it is 
independent of the form of the K(z) and K~^{z) matrices, i.e. of the boundary condition. 

The upper bounds on the allowed values for the parameters is deduced as in section Em 
(with the same restrictions). We get 

j M-i 

Mj < ^ k{Af — j) Uk + ^ j{Af — k)nk , \/j = 1,... ,Af — 1 . (3.38) 

k=l k=j+l 

In the particular case of fundamental representations, one recovers the condition 

]Vf0) < N . (3.39) 
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3.2.3 Example: open spin chain with one defect 

As an example, we take the same spin chain as in the closed spin chain case, section 13.1.41 but 
now with open boundary conditions given by a diagonal K{z) matrix (I2.41j) and K^{z) = M. The 
transfer matrix (based on Tq{z) as in section 13 .1.411 


b{z) =tro ( K^{z)To{z) Ko{z)Tq ^(-) 

z 


leads to a local Hamiltonian: 

n = 


N-l 


2(1-aw. 


6'(1)= Wj.J+1 + W; 




(3.40) 


(3.41) 


i=i 

3 ¥=P,P -1 


with (we remind prime stands for z derivative) 

2 


n 


i.i+i 




q-q 

1 


— Vjj+i j , j^p-l,p,iV-l 


2(1-a 

r-l /^d\ 


^p-l,p,p+l — -hp_p_l(g )-hp,p-l(^ ) + ^ _ ^_1 -^P.P-l(^ ) a-tP+l -^p+l,p-l 

= 2(l-Pl) + (q + q-')V^, Vajth. 

To obtain these results, we have used 


(3.42) 

(3.43) 

(3.44) 

(3.45) 


K{1) = (1 - e^) I and tr{M) = [Af]g = 


qM — q ■N' 

,-i 


The Hamiltonian eigenvalues are of the form E = 2 (i_ga) 
with dressings (F031l . BAEs (131^ and 


q-q- 

A'(l), where A(^) is now given in (13.3011 . 


TT^{z) = zq^‘^+^ - z~^q~^‘^~^ 


Paiz) = 


Pa(z) = 


{zq — z ^q ^)-^ ^ 

{z-Z-T-^7,a{z) 

P,{z)-^ 


z — z 


-1 


Va 

if a = 1 
if a 7 ^ 1 

Af-l /a-l 


{zq — z ^q ^){zq ^ — z ^q) 
Using these expressions, one gets 

mW 

E = Eo + 2{q^-l)J2 


n 


7ij{zq 


Li J T^aizq “+i) 

(4‘T 


if a = 1 
if a 7 ^ 1 


= (iV-2)i±4+ 


^ (l-g(4'T) ( 9 - 

+ q 




+ 


Q 


,1*71+0 _ 1 _ 


+ 


q — q~^ q'^ — q q^i~\~f^ — q—'^i—o 1 — ^ 


(3.46) 


(3.47) 
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where Eq is the energy of the open spin chain pseudo-vacuum. 


4 Quantum twisted Yangians and SNP spin chains 

As already mentioned, the construction of the reflection algebra (hence of ” soliton preserving” open 
spin chains) is available for any quantum group. This property is based on the (formal) existence for 
any algebra of the inversion antimorphism C{z) —> However, there are some algebras, such 

as the Yangian of or the quantum algebra Uq{gl{J\f)), for which another antimorphism can 

be constructed, leading to other (new) coideal subalgebras, which themselves allow one to construct 
(new) open spin chains. These spin chains have different boundaries, known as soliton non-preserving 
boundaries. These physical considerations will be developed below. 


4.1 The quantum twisted Yangian 

We hrst focus on the mathematical construction, which will infer the monodromy matrix of the 
aforementioned spin chains. The algebra we construct is the quantum twisted Yangian, as it has 
been introduced in [27]. 


4.1.1 Definition 

We start with the transposition in the auxiliary space: 

Af M 

; Coi{z) = Eah ® Lah{z) Eah ® L},a{z) (4.1) 

a,i»=l a,6=1 


which is an antimorphism of lAq. Mimicking the construction of the quantum reflection algebra, we 
introduce^: 


S{z) = C^{zq ^)GC {z q‘2) where 


G = I o(A/’) case, 

n 

G = (qE2k-l,2k — E2k,2k-1 


k=l 


sp{2n) case 


(4.2) 


It is easy to show that 5 ( 2 :) dehnes a subalgebra of Vlq{gl{J\f)), called quantum twisted Yangian 
[27], with exchange relations (when c = 0) 

Rui —) ‘5i(^) R %{—) <S2{u!) = <S2{w) Rui —) Ri2{—) , (4-3) 

_ w _ ^ zw w 

®One could also take *5^(2) = E^{z)GC^{z~^Y which obey the same exchange relations: as for quantum reflection 

algebra, it leads to an equivalent construction for spin chains, up to analytical properties of iS(z). 
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together with the conditions 


5,i(0) = 1, V * 

5ij(0) = 0 , V i > j 

‘52A:,2fc(0) 52fc-l,2fc-l(0) — 52fc,2fe-l(0) 52fc-l,2fc(0) = , V 

5ij(0) = 0 , y i> j and i 7 ^ j' 

We have introduced the map 

{2ky = 2k-l, {2k- 1 )' = 2k i.e. / = 2 


o(A/’) case: 
sp{Af) case: 


j + 1 


j - 1 


Note that the above calculation uses the equality (valid for both values of G): 

Ri2{z) Gi -R5_2(^) ^2 = G 2 -R^2('^) 


(4.4) 

(4.5) 


(4.6) 


(4.7) 


which have to be compared with the relation used in the case of quantum reflection algebras. 

Existence of constant solutions to the relation ( 1121 ) is ensured by the CP-invariance (jA.8811 . which 
proves that any invertible diagonal matrix is a solution. 

Then, the construction follows the lines of section Ea see [28]. For instance one has 

5(^) = C+{zq-^)G{z)C-{z-\^y (4.8) 

A(5(2:)) = Coiizq~^)So2izq~‘'^) Cl^iq^z~^) (4.9) 


where G{z) is a solution of the reflection equation ()4.8j) such that G(0) = G (up to invariance of the 
exchange relation). 

Here, keeping in mind the spin chain interpretation, we will use an equivalent dehnition of the 
quantum twisted Yangian. The exchange relations we choose have the following form 

Rui—) §i{z) R2 i{zw) S 2 {w) = S2{w) Ruizw) Si{z) i? 2 i(—), (4.10) 

w w 

where the R matrices are dehned in appendix I A. 41 The relation between the two dehnitions is given 
by 

5(z) = S{zp-"^)VK (4.11) 

The algebra generated by S{z) can be seen as a subalgebra of Uq through the construction (c = 0) 

5(z) =C+{zp'^)K{z)V^C-{z-^p-^yv\ (4.12) 

where K{z) is any C-valued matricial solution of the relation (14.101) . Of course, the construction 
can be deduced from (Oil using the relation (OTl) . The existence of solutions is ensured by 
the relation (j4.11|l . which proves that WV^ (where W is diagonal) is indeed a solution. 

In this formalism, the coproduct takes the form 


A(5(;)) = £(ii(zp q Z)So2(zq °‘)Vf^cii(z V qpq. 


( 4 . 13 ) 


















The universal monodromy matrix will then be (c=0) 

A(")(5(s)) = £„i(2p4)... Cm(zpi) K„{z) V‘ Cly(z-'p-i) ■ ■ ■ C'^(z-'p-i) V‘. (4.14) 

The corresponding transfer matrix is dehned as 

s{z) =tro |^(f( 2 ;) A(^)(5o(2;))| (4.15) 

where K~^{z) satisfy the dual reflection equation 

Rui-) KtizY Mfi R 2 iip-^z-^w-Y Ml K+iwY = 

z 

■—^ ^ ?/? 

KYiwY Ml R,2ip-^z-^w-Y Mfi KtizY R2i{-), (4.16) 

2 / 

Solutions to the two equations (ITOD and (ITOl) are related through K~^{z) = M K^{z ^p 2 ), so that 
K~^{z) = is also a solution to (j4.16|l . 

Again, it can be proved using only the equations (I4.1()j) . (14.1611 . the unitarity of the R matrix, and 
arguments similar to the ones given in [6] (for the SP case), that 


s( 2 ;), s{w) 


= 0 . 


(4.17) 


It will ensure that the open spin chain derived from is also integrable. 


4.1.2 Finite dimensional snbalgebras of the quantnm twisted Yangian 

Starting from the exchange relation (ICTHl . one gets 

Ri2 ‘^ 1 ( 2 ;) R 21 ^ 2 ( 0 ) = 52 ( 0 ) .R 12 ‘5i(z) i?2i, (4-18) 

where .R 12 = Vi i?i| Vi. It proves that 5(0) form a subalgebra of the twisted Yangian, and that 5(z) 
is a representation of it. When K{z) = GV^, this subalgebra (up to the change of basis due to 
(mn)) is nothing but the the twisted quantum algebra IAY’{q) introduced in [29], with 0 = o(A/') 
if 00 = 1 or g = sp{J\f) if 0o = —1- h corresponds to a deformation of the classical algebra ^/(g), 
different from the quantum algebra 7/g(g). In particular, it has no (known) proper Hopf structure, 
but is rather a Hopf coideal of Uq{gl{M)). Let us remark that when K is an antidiagonal matrix, 
5(0) is equivalent® to a lower triangular (so(A/') case) or block triangular (sp(2n) case) matrix, in 
accordance with the dimension of Wq"'(g). 

Dehning 5(z) = 5(z“^)“^, one gets 

Ri 2 {—) Si{z) R 2 i{zw) S 2 {w) = S 2 {w) Ri 2 {zw) 5i(2:) R 2 i{—), (4.19) 

w w 

Rui—) Si{z) R 2 i{zw) S 2 {w) = S 2 {w) Ruizw) Si{z) i? 2 i(—), (4.20) 

_ w _ w 

®In fact, it is 5(0) = 5(0) which is triangular when G is diagonal. 5(0) is triangular with respect to the second 
diagonal. 


29 














which shows that iS(z) obeys the same relation as iS(z). One can, as in section 1^.2.21 consider S(oo) 
(if I^(z) is a constant antidiagonal matrix), or some regularisation of it (when IC(z) depends on z). 
Its exchange relations are given by 

-Ri2 ‘5i(^) R21 S2(cx)) = S2(oo) i?i2 ‘5i(2;) R21, (4-21) 

R 21 <^i(z) R 21 ‘52(oo) = 52 ( 0 x 3 ) Ri 2 Ri(z) Ri 2 : (4.22) 

Ri2 = Vi (R2,^) (R{^2) n* (4.23) 

Lemma 4.1 The generators 5(0) and S{oo) satisfy S{0)S{oo) = 5(oo)5(0) = XqI where Xq is 
some constant. 

In particular, one has 

[5(0), 5(cx))] = 0, (4.24) 

so that either S{oo) is the inverse o/5(0), or generates a subalgebra which commutes with the one 
generated by 5(0). 

Proof: One starts from the relation (ICTll and consider the limits z —>■ 0 then tc —cxo on the one 
hand, and w ^ 00 then z —>■ 0 on the other hand. It leads to the relations 

Ri2 5i(0) Ri2 52(00) = 52(00) R21 5i(0) R21, (4.25) 

Ri2 5i( 0) i?2i 52(00) = 52(00) Ri2 5i(0) R2i. (4.26) 

Using relation (TOl) . it leads to 

Ri2 5i(0) 5i(oo) = 52(00) 52(0) .R12, (4.27) 

which gives after some manipulations 

Ui 5i(0) 5i(oo) Ui = ( 52 ( 00 ) 52(0))* , (4.28) 

whose only solution is the one given in the lemma. ■ 

Remark that this lemma is the counterpart of lemma 12.21 

We leave to the interested reader the complete study of the subalgebra spanned by 5(0) and 
5 ( 00 ). It is related to twisted Yangians Wq"'(l)), where f) is a subalgebra of o{Af) or sp{Af) which 
depends on the chosen K[z) matrix. We classify these latter in section 14.21 

4.1.3 Symmetry of the universal transfer matrix 

To study the symmetry of the transfer matrix, one should proceed as in the SP case. However, 
there is a crucial difference between the relations (irni) and dHHl): in the hrst case, each side of the 
equality involves an R matrix and essentially its inverse, while it is essentially its transpose in the 
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second case. Then, it is not possible to get an eqnivalent of lemma in the SNP context. Indeed, 
starting from (USD, it is easy to conclnde that 


[fri (i?i2 5i(z) ) ‘^ 2 ( 0 )] — 0, 


(4.29) 


but fri(i?i 2 5 i(2 ;) 1 ^ 12 ) is not easily related to 5 ( 2 ;), so that one cannot obtain, in this way, a symmetry 
of the transfer matrix. Similar conclusion is obtained when starting from (g:THD or As a 


consequence, it looks as if the SNP spin chain does not possess any symmetry. In fact, the matrices 
S{z), S{z) and 5(z) are not written in a Cartan-Weyl basis, so that even the Cartan generators 
(which should commute with s(^)) are difficult to identify in this presentation. 

4.2 Soliton non-preserving boundaries 

In this section we shall deal with the so-called soliton non-preserving boundary conditions (SNP) 
[26,28,30], which physically describe the reflection of a soliton to an anti-soliton. The corresponding 
equation describing such boundary conditions is given [31,32] by (I4.1()|l . The main aim now is to 
derive matricial solutions of this equation. 

It is convenient to consider the matrix G{z) = K{zp~^) instead of K(z), which obeys the reflection 
equation (jOl)- 

Lemma 4.2 If G{z) is a solution of the reflection equation then DG{z)D is also a solution 

of (O, where D is any constant diagonal matrix. 

Proof: one multiplies dOD on the right and on the left by Di D 2 and uses the property (jA.38jl of the 
matrix Ri 2 {z). m 

This property was already noticed in [31]. 

Proposition 4.3 The invertible solutions to the reflection equation urn must be, up to a normal¬ 
ization factor, of the form 


K{z) = DG{zp^)DV^ 


(4.30) 


where D is any constant invertible diagonal matrix and G{z) is one of the following matrices: 


G{z) is the unit matrix 


(4.31) 


G(z) = ±E + (9 ± E 



(4.32) 



(4.33) 


{ N - 2)/2 



{qE 2 i, 2 i+i - E 2 i+I, 2 i) when M is even (4.34) 


i=l 
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In the case of gl{4:), there is one additional solution: 


G(z) — -£/13 i ^ £^31 + £^24 i ^ E. 


42 


(4.35) 


Note that the solution \4.d4\l takes an antidiagonal form in the 5 '/( 4 ) case: 

G{z) = Ei4 + q E23 — E32 — qz E41 
AT 

Proof) Tlio Hicitrix Gi^z^ = Ki^zp ^ ^ G^ji^z^ Eij oboys tho roffoctioii oQUcLtion (031). 

ij=l 

The projection of (031) on Eii ® Ejj with i < j reads 


(4.36) 


Gij{w) 


— Z^w‘^ 1 

■GiM + -^,G„(z)]^G,4w) 


qw‘^{z‘^ — w‘^) 


z^w'i 


q^ — z'^w'^ 
qz‘^{z'^ — w'^) 


Gij{z) + Gji{z) ) (4.37) 


which shows that Gij(z) = 0 Gji(z) = 0. Moreover, the relation (1071) implies that the non¬ 
vanishing off-diagonal elements Gij{z) and Gji{z) satisfy {uij and jSij are free parameters) 


Gjiiz) = Eij{z) Gij{z) with Eij{z) = z ^ 

Pij^ Q^ij 

Then projecting (03D on the Eij ® Eij component (with i ^ j), one gets 

Giiiz) Gjj{w) = Gii{w) Gjj{z) 


, * < J 


(4.38) 


(4.39) 


which implies that Gii{z) can be taken as constant numbers (note that it is still true if there is only 
one non-vanishing diagonal element since the matrix G{z) is dehned up to an overall normalization 
factor). 

► Let us hrst assume that all diagonal elements Ga are non-zero. Then, the Eu^Eij and Eu^Eji 
components of (031) lead to (with i < j) 


rP _ i,A ^2 _ ^ 2 . .2 

Gij{w) - 5 - Gij{z) - q{z^ - w‘^)Gji{z) = 0 




z^ 








z"^ - 


Z^w'i 


GiAz) — 0 


from which it follows 


Gij{z) = qz‘^ ^ and GjAz) = q 4 2 


ajiZ^ - qjdji 


z^ — q^ 


, * < J 


(4.40) 

(4.41) 

(4.42) 


where aji = and Aji = fiij. 

Now, one projects (031) on the components Eij 0 Ekk A A J k)\ 


(1 - z'^w^){^{z'^ 6i<k + 6i>k)Gkj{z)Gik{w) - {w'^ 6j<k + z"^ 6j>k)Gik{z)Gkj{w)^ 

Eiz"^ — uA)({5j<ik + z^vA 5jyk)Gik{z)Gjk{w) — 5i^k + di^k)Gkj{z)Gki{u]^ = 0 (4.43) 
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and on the components Eij ® Eki {i,j, k, I all distinct): 

(1 - ({z^ 5i<k + 6iyk)Gkj{z)Gii{w) - 5j<i + 5j>i)Gii{z)Gkj{w)^ 

+{z^ - w‘^)(^{5j<k + z^w‘^ 6j>k)Gik{z)Gji{w) - {z^w"^ 6i<i + 6i>i)Gij{z)Gki{w)^ 

Q )z W (^(^Z “ 1 “ W 5k<i<j E W 5k>i>j Z ^iy(^j^k))Gkii^Z^GjiilV^ 

-{z^ ^{i,i)<j + ^i<j<i + ^i>j>i + S(^i^i)>j)Gji{z)Gki{w)^ = 0 (4.44) 

where 6m<n = 1 if m < n and zero otherwise (and similarly 6(^m,p)<n = f if m < n and p < n and zero 

otherwise, and so on). 

Inserting expressions ()4.42jl into ()4.4djl and ()4.44j] . one gets 

ttifc f^ji = Pik oiji, i < {j, k) < I and aik aji = f3ik f3ji , (i, j) < {k, 1) (4.45) 

whose solntion is given by aij = e(3ij for all pair (i,j) of indices (e = ±1), with the consistency 

condition 

Ai f^ki = Pik Pji = Pa Pjk {i < j <k <l) (4.46) 

The projection on the components Eij ® Eik'. 

11 — (nz‘^ 

-—- -Gij{z)Gikiw) - (1 - z^w'^)[w‘^ 5j<k + z^ 5j>k)Gij{w)Gik{z) 

+ ({<iz^ - q~^w‘^){z^w‘^ 5i<j + 5iyj)Gjk{w) - {z^ - w‘^){z^w‘^ 5i<k + k>k)Gkj{z) 

- {q- q~^)z^w'^[z^ ^{i,k)<j + Si<j<k + W~‘^ Si>j>k + 2:"^ ^{i,k)>j)Gjk{z)^Gii = 0 (4.47) 

then leads to the conditions (with i,j, k distinct indices) 

(g + 1) Gii 13jk = q (3ij (3ik (4.48) 

Since Gu A 0 for all i, eqnation (14.4811 implies that the coefficients (3ij (and therefore a^) are either 
all zero, or all non-zero. In the hrst case, G{z) is a constant diagonal matrix (which can be bronght 
to the nnit matrix dne to lemma IO|l . In the second case, eqnation (lOHli is solved as 

A' (4.49) 

Thanks to lemma lOl one can bring the matrix G{z) in the form (I4.82|) . Finally, one can check that 
all remaining eqnations obtained from (jOl) are satished. 

These two cases corespond to the matrices (OTl) and (j4.82jl exhibited in the classihcation (np to 
mnltiplication by a fnnction, so that G{z) is analytical). 

► We now consider the case where there is at least one diagonal element Gu which is zero. The 
projections of dOl) on Eij (g) Eik and Eji ® Eki rednce to 

(gA -t- w^)Gij{z)Gik{w) - {q + l)(tc^ 6j<k + 2 :^ 3j>k)Gij{w)Gik{z) = 0 (4.50) 

{qz‘^ + w^)Gji{z)Gki{w) - {q + l){z^ 6j<k + 5j>k)Gji{w)Gki{z) = 0 (4.51) 
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which imply Gij{z) Gikiw) = 0 and Gji{z) Gkiiw) = 0 for each triple (f, j, k) of distinct indices. Since 
Gij{z) = 0 <(=> Gji{z) = 0, it follows that the reflection matrix G{z) has at most one non-zero element 
in i-th row and in i-th column. We assume that Gij{z) ^ 0 for some j ^ i (otherwise the matrix 
G{z) is not invertible). 

Considering now the projections on Ein ® Emj and on Ei^ ® E^j, one gets for m,n ^ i,j 


k<m + w'^ 6i>m)Gmn{z)Gij{w) - (/ 5j>n)Gij{z)Gran{w) = 0 (4.52) 

from which one can deduce that there are complex numbers /i^n such that 

{ hmn Gij (z) for m < i and n < j or m > i and n > j 

fj,mn z"^ Gij(z) foTm<i and n> j (4.53) 

^J'mn z~'^ Gij{z) ioT m > i and n < j 

Now, the Eji ® Ejk and Eij ® Ekj components of ()4.3jl {i,j, k distinct) lead to equations similar to 
(lonii and (H3T1) . relating the entries Gij and Gkj on the one hand and Gji and Gjk on the other 
hand. They imply that Gjk{z) = Gkj{z) = 0 for fc 7 ^ i,j- Hence, the matrix G{z) exhibits the 
following shape (taking e.g. i < j): 


G{z) = 



0 

(M 12 ) 

0 

(M 13 ) 

\ 

0 

0 

0 

G,fiz) 

0 


(M 21 ) 

0 

(M 22 ) 

0 

(M 23 ) 


0 

Gji{z) 

0 

Gjj{z) 

0 


^ (M 31 ) 

0 

(M 32 ) 

0 

(M 33 ) 

/ 


(4.54) 


where (Mmn) represent block submatrices whose entries are given by ()4.53jl . 

Exchanging the roles of the indices i and j, and taking into account the relations (0321), one obtains 
the following necessary conditions for the matrix G{z) to be invertible: 

(i) If \j — z| > 1 with i ^ I and j 7 ^ Af, the block submatrices (M13), (M31) and {Mmm) are 
identically zero and the function Eij{z) must be equal to ±z~‘^ {i < j), see eq. 


(ii) If |j-^| > 1, with i = 1 OT j = J\f (exclusively), the conditions are similar to the case (i), but 
the block submatrices (Mi^) for i = 1 or {Mm 3 ) for J = A/” are not present. 

(iii) If i = 1 and j = Af, only the block submatrix (M 22 ) survives and the function Eijj-{z) is equal 
to —qz~‘^, see eq. 

(iv) If j = i + 1, the block submatrices {M2m) and {Mm2) are not present and the function Eij^i{z) 
is equal to —q~^, see eq. (lOHll . 

• We first treat the case (i), where \j — i| > 1 with i,j 7 ^ l,Af. Due to the vanishing of {Mmm), 
the diagonal elements Gkk are zero for all k ^ j. Hence, from the above arguments, the matrix 
G{z) has exactly one non-zero off diagonal element in each row and in each column to be invertible. 
One can easily prove by recursion that there is no such matrix when Af is odd. Since we ask for 


34 










invertible solutions, there exists in (M12) at least an element Gi/j/{z) 7^ 0 (note that \j' — i'\ > 1 since 
i' < i < j' < j). The compatibility between the shapes (14.541) of the matrix G{z) for the pairs of 
indices (i, j) and implies that (1) Gjj = 0, (2) j' — i' = j — i and (3) the elements , 

are non-zero. More generally, one can prove by recursion that if Gij and Gji 7^ 0, the non¬ 
zero off-diagonal elements of the matrix G{z) lie on two lines parallel to the diagonal of the matrix 
and containing the elements Gij and Gji respectively. The inspection of the different conhgurations 
shows that the matrix G{z) is never invertible. 

• The case (ii) (i.e. \j — i\ > 1, with i = 1 or j = A/” exclusively) requires special attention. A careful 
examination of the shape (^31) of the matrix G{z) shows three possibilities: 

- There exists a pair of indices for which Giij/ 7^ 0 such that \j' — i'\> 1 and we are back 

to case (i); 

- There is no such pair, and A/” > 4. Then, it is impossible to have exactly one non-zero 

off diagonal element in each row and in each column for an invertible matrix G{z)-, 

For A/" — 4, an explicit calculation exhibits the solution (1031) . 

• We consider now the case (in), where i = 1 and j = A/”. The Emi ® EmU component of (14.3|) gives 
for m 7^ 1,A/' (using the fact that Gj\fi{z) = —qz~^Gif,f{z)) 

z^{q^z^ - w^) Gmmiz) Gi^f{w) - w^{q^w^ - z^) G^^(w) Gij^(z) = 0 (4.55) 

while the E^i <8) E_^rn component reads 

Gmm(z) Gij^(w) - Gmmiw) Gij>,f{z) = 0 (4.56) 

Equations ()4.55|) - ()4.56|) imply Gmm = 0 for all m 7^ l,Af. If 7^ 0, the EmM ® Ejq-n component 
for m,n ^ l,J\f leads to Gmn{z) = Gmn{w), which implies Gmui^) = 0 when 1 < {m,n) < J\f due to 
(1031) . Therefore the matrix G{z) is not invertible. Hence, we assume that all diagonal elements are 
zero. If there exists a pair {i',j') of indices such that \j' — i'\ > 1, we are back to the case (i) (and the 
matrix G{z) is not invertible in that case). Otherwise, all non-zero off diagonal elements belong to 
2x2 submatrices corresponding to the indices (m, m -f 1) of the matrix G{z), denoted hereafter as 
‘block m’. The blocks should not overlap (i.e. a block m cannot be followed by a block m + 1) and 
should be adjacent (i.e. a block m should be followed by a block m -|- 2), otherwise the matrix G{z) 
is not invertible. Since Gij\j-{z) 7^ 0, the matrix G{z) contains blocks m with m even only. Using 
lemma EM the matrix G{z) is brought to the form (j4.34j) . Finally, all remaining equations obtained 
from (Q are satished. 

• We finally consider the case (iv), where j = i + 1. Suppose that Gmm 7^ 0 for some m 7^ i,j. Since 
j — i = 1, one has necessarily m < i, j or m > i, j. The Eim ® Emj component of (USD reduces here 
to 

(^Gij{z) — Gijiw)') Gmm = 0 (4-57) 

which implies that Gij{z) is constant. Moreover, the projection on Emi ® Emj takes here the form 

{^Z^w‘^ 6m<i + dm>i)Gij Gmm = 0 (4.58) 
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leading to Gij Gmm = 0, which is obviously not satished. Therefore, one has Gmm = 0 for m 7 ^ i, j. 
If Gjj 7 ^ 0, Gij(z) is given by (I4.42|l with jStj = 0. The projection on Ej^ < 8 ) E^j (with m,n ^ j, j — 1) 
reads 

Sj<m + w'^ Sj>rn)Gmn{z) - (z^ 6j^n + Sj>n)Gmn(,w)^Gjj = 0 (4.59) 

and thus leads to Gmniz) = if m, n < i or m, n > j, Gmniz) = if m < i and n > j, and 

Gmn(z) = if m > j and n < i. This is clearly in contradiction with (14.5511 . unless Gmn{z) = 0 

for all m,n ^ i,j, giving a non-invertible matrix. 

Therefore, all diagonal elements must be equal to zero. There are then three possibilities: either 
there exists a pair of indices such that \j' — i'\ >1 corresponding to the case (i) or (ii); or 

Gim{z) 7 ^ 0 and we are back to the case (iii); or Gi;^{z) = 0 and all non-zero off diagonal elements 
consist in blocks m subjected to the same constraints as in case (iii), but now with m odd. One hnds 
then the solution ()4.55jl if A/" is even, while the matrix G{z) is not invertible if J\f is odd. ■ 

The solutions (lO^ were given for the hrst time in [31], and used in [32] in the context of sine- 
Gordon and affine Toda held theories on the half line. The solution ()4.33jl was used in [33] to dehne 
and study the quantum twisted Yangians. To our knowledge, the solutions (joi, (loni) and 
are new. Let us stress that (lOKll is the only anti-diagonal matrix appearing in the classihcation. 
Hence, it corresponds, after the change iSOD, to the only case where the rehection equation iHID 
admits a diagonal solution. Note that with the use of non-invertible diagonal matrices, the lemma 
14.21 provides also classes of non-invertible solutions. 

Of course as in the case of SP boundary conditions the ultimate goal is the derivation of the 
spectrum of the transfer matrix. However, in our case due to the lack of diagonal solutions of 
the equation (j4.1 Ojl . deriving the spectrum is turning to an intricate problem. This is primarily 
due to the fact that an obvious reference state is not available anymore. One could proceed using 
a generalization of the method presented in [34, 35] for the case of non-diagonal boundaries, such 
analysis however will not be attempted in the present work. It is under investigation. 

5 Conclusion 

This paper is concerned with generalisations of the XXZ model. We deal with spin chains where at 
each site may be associated a different representation of Uq{gl{Af)), and which have various types 
of boundary conditions: periodic, soliton preserving or soliton non-preserving. We have computed 
the Bethe equations, which is the main physical results of this paper, thanks to the analytical Bethe 
ansatz. This method involves the classihcation of the representations and the knowledge of the center 
of the underlying algebra. Therefore, an important part of this paper is devoted to the study of the 
algebra Uq{gl{Af)) and its associated subalgebras: the rehection algebra and the quantum twisted 
Yangian. For the paper to be self-contained, we hrst review these well-known algebraic structures. 
Then, we also establish new results (concerning representations and centers) for these algebras. These 
results look interesting by themselves from the algebraic point of view. 

Although we treat a generic case, the Bethe equations take surprisingly a very compact form. 
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depending only on the Drinfel’d polynomials, the boundaries and the Cartan matrix of gl{M). This 
simple form enlightens the deep connection between the theory of representations and the Bethe 
ansatze. The determination of transfer matrix eigenvectors, which is beyond the scope of analytical 
Bethe ansatz, would certainly be simplihed by an utter understanding of this relation. 

As mentioned in the paper, we do not deal with non-diagonal boundary conditions: they cannot 
be handled, at the moment, with the method presented here. This problem has been treated in some 
particular cases: the XXZ model (i.e. Uq{gl{2)) with fundamental representations) has been solved 
in [34,35], and some progress has been achieved for Uq{gl{N')) with fundamental representations 
in [36]. However, a generic method (similar to the one used for spin chains based on Yangians [4]), 
which would deal with the full type of models, is still lacking. 

Another open problem is worth mentioning: there exists no systematic method to compute lo¬ 
cal Hamiltonians from the transfer matrices for generic representations. It is known that, in the 
fundamental representation, one obtains the Hamiltonian for the closed or open XXZ model with a 
very simple formula. In the general framework treated in this paper, a local Hamiltonian must be 
found case by case, after having chosen a representation at each site. It implies in general the fusion 
procedure for auxiliary spaces, and no general proof for the existence of such local Hamiltonian is 
known when the representations at each site are different. This point is crucial, since locality is an 
important property in physics. The proof and the explicit construction of local Hamiltonian is thus a 
challenging open question. The coefficients of the transfer matrices introduced here being non-local 
Hamiltonians, one could be disappointed by such a result. However, the models being integrable and 
hnite dimensional, it is reasonable to believe that the local Hamiltonian is ‘hidden’ in some compli¬ 
cated way in the series of Hamiltonians provided by the transfer matrix. In particular, it is known 
that the Bethe ansatz equations presented in this paper are the right ones which will parametrize 
the spectrum of this hypothetical local Hamiltonian. 

Acknowledgements: This work is supported by the TMR Network ‘EUCLID. Integrable mod¬ 
els and applications: from strings to condensed matter’, contract number HPRN-CT-2002-00325. 

A R matrices 

A.l The R matrix oi hlq{gl{J\f)) 

The R matrix of the hnite dimensional quantum group Uq{gl{M)) is given by 

M 

R = q'Y^Eaa® Eaa+ ^ Eaa ® Ebb + (Q - q~^) ^ Eab ® Eba , (A.l) 

a=l l<a^b<Af l<a<b<Af 

where Eab are the elementary matrices with 1 in position (a, b) and 0 elsewhere. 

This R matrix obeys the Yang-Baxter equation 

Ru Ri 3 R23 = R23 Ri 3 Ri2- (A- 2 ) 
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If we note -Ri 2 [<?] the matrix (lA.lIl with deformation parameter q, one has the properties 


Ruil] Ri2[(1 ^]—]I®I, 

Ru[q] - R 2 i[q~^] = {q- q~^)V , 


(A.3) 

(A.4) 


where V = V 12 = V 21 is the permutation operator 

Af 

V =^Eab® Eba , 

a,6=1 


and 


R 21 — R Ri 2 R ■ 


(A.5) 


(A.6) 


It is also convenient to introduce a deformation of the permutation operator, the g-permutation 
operator Pf 2 ^ End{C^ ® C-^) defined by 

M Af Af 

Pi 2 — ^ ^ Eii 0 Eli + q ^ ^ Eij 0 Eji q ^ ^ ^ Pp 0 Eji. (A.7) 

2=1 i>j i<j 


We have gathered below some useful properties of the g-permutation. Then, the R matrix (HU can 
be rewritten as 

Ri 2 = I ® I + qR — P 12 ■ (A-8) 

Finally, let us note the following identities 


R 21 = R{t = UiU 2 Ri 2 U{^U 2 ^ (A.9) 

U,R%U{^ = U^R%{U^2r" (A.IO) 

= Mfi {R%)~' Afi (ATI) 


where (resp. is the transposition in the first (resp. second) space, U is any antidiagonal 
invertible matrix U = '^aEas. and 


Af 

M = 0O = ±1. 

a=l 

Relation ()A.9f) implies 

W^W 2 Ri 2 = R12W1W2 

where W is any invertible diagonal matrix. 


(A.12) 


(A.13) 


A.2 Some properties of the g'-permutation 

The g-permutation can be rewritten in a condensed way as 

Af 

P?2 = ® Eba (A.14) 

a,6=1 
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where sgn is the sign function, with the convention sgn{0) = 0. Note that this g-permutation is not 
symmetric anymore, 

= V ^ = Pi 2 with q = q-^ (A. 15) 

but still obey the permutation group relations: 

(A.16) 

pQ pg pg _ pg pg pQ (\ ^ yN 

-'12 -'23 -'12 ~ -'23 -'12 -^23 ' ^ ' ) 

More generally, for q and t deformation parameters, one has: 

Pu Pu = Pu P = P PI2 • (A. 18) 

With PI 2 comes the notion of q-deformed operator: to each operator-valued matrix 

Af 

A = ^ijPij ) (A. 19) 

* 5=1 

one associates its g-deformed version as 

. (A.20) 

*5=1 

These dehnitions are justihed by the following relations (with g = g“^, Ai = A ® I, A 2 = I ® A): 


P^ 2 AiP!, = Al and 

P?2A2P!2 = AI 

(A. 21 ) 

We will also need: 

tr2AiB2P?2 = AB^ ; 

triA2 Bi P^2 = A B^ 

(A.22) 

tr2P?2A2Bi = A^B ; 

triP^2 Ai B2 = A^B 

(A.23) 

as well as, when [Ai , B 2 ] = 0: 

friAi B 2 PI 2 = BA‘i ; 

tr2A2 Bi PI 2 = B A^ 

(A.24) 

tr^Pl2A2B^ = B’iA ; 

tr2Pf2Ai B2 = B^A. 

(A.25) 


A.3 The R matrix oi Uq{gl{J\f)) 

We consider the hlq{gl{Af)) algebra, whose R matrix can be constructed through the Baxterization 
of the R matrix (El): 

Ri2{z) = ^ Ri2 ~ z ^ R 21 (A.26) 

It is given by the explicit expression 
M 

R{z) = a{z)Y,Eaa®Eaa + Kz) + c (A.27) 

a=l l<a^b<Af l<a7^&<A^ 
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(A.28) 


with a{z) = qz — q ^z b{z) = z — z ^ and c = q — q ^ = a(l). It can be also written as 

Ruiz) = b(z) (l ® I - Pf2) + a(^) R ■ 

At z = 1 the R matrix rednces to the permntation operator V given in (IA.5|1 : R{1) = cV. 

In what follows we shall make nse of the antidiagonal matrix V = VabEab dehned by: 

Vab = q^ha or Vah = • (A.29) 

where a = M + 1 — a. The second choice is forbidden for M odd. We will parametrize these two 
choices by a sign 6q = ±1, the second choice being associated to 6*o = — 1. With this convention, one 
can encompass (formally) the two choices as 

Vab = et'S"^^b-a = ea5b-a. (A.30) 

Note that we have in both cases 9'q = 1 and = I. 

The R matrix ()A.27jl satishes the following properties: 


Yang-Baxter equation [37-40] 

Rui-) Ruiz) R2^iw) = R2ziw) Ruiz) Rui-) (A.31) 

w w 


R2iiz)=VRi2iz)V = R{\^^iz) 


Unitarity 


Ruiz) R2iiz-^) = az) 

where 

C(^) = iqz - q~^z-^)iqz-^ 

Crossing-unitarity 

R%iz) Ml R%iz-^p-^) Mfi = 
where p = q^, M = V^V and 


q-h) 

Cizp) 


Ciz) = izp-z-^p-^)iz-^p-zp-^). 


CP-invariance 


(A.32) 

(A.33) 

(A.34) 

(A.35) 

(A.36) 


R2iiz) = Pif /2 Ruiz) (A.37) 

for any antidiagonal invertible matrix U = '^aEas.- Examples of snch matrices are given by V, 
and also Eaa. 

This relation implies in particnlar 


W,W2, Ruiz) 


0 , 


(A.38) 
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for any invertible diagonal constant matrix W. It can be checked by direct calculation that this 
property remains valid when W is not invertible. An example for an (invertible) W matrix is 
provided hj M = V^V, whose explicit expression is given by relation ()A.12|1 . 

The R matrix can be interpreted physically as a scattering matrix [9,40,41] describing the inter¬ 
action between two solitons that carry the fundamental representation of gl{M). 

A.4 The matrix R{z) 

The CP-invariance of R allows the existence, in the general case, of anti-solitons carrying the con¬ 
jugate representation of gl{M). The scattering matrix which describes the interaction between a 
soliton and an anti-soliton, is given by 


Ri2{z) = Ri2{z) = V^R%{z-^p-^)V^ (A.39) 

= V^RUz-^p-^Wi =■ Ri2{z)=R^i^\z). (A.40) 

Note that equality between the hrst and second lines of these relations is a consequence of the 

properties listed above. In the case Af = 2 and for the second choice of V (sp( 2 ) case), R is 

proportional to R, so that there is no genuine notion of anti-soliton. This reflects the fact that the 
fundamental representation of sp{2) = sl{2) is self-conjugate. This does not contradict the fact that 
for M = 2 and for = -|-1 (50(2) case), there exists a notion of soliton and anti-soliton. 

The equality between Ri2{z) and R^R) in ()A.39jl reflects the CP invariance of i?, from which one 
also has R 12 = he. the scattering matrix of two anti-solitons is equal to the scattering matrix 
of two solitons. The explicit form of the R matrix is 

M 

R{z) = aiz) E-a-a ® Eaa + b(z) ® E,, + c <2) E,, (A.41) 

a=l lKa^b<J\f l^a^bKAf 

where we set a{z) = a{z~^p~^) and b{z) = b{z~^p~^). 

The matrix R{z) reduces to a one dimensional projector at = p~^, i.e. 

Ruip-^) = {q- q-^) V, Vll V, = {q- q-^) M Qu (A.42) 

The matrix Q 12 is a projector (i.e. = Q) onto a one-dimensional space and is written as 

1 ^ 

= ® E,, (A.43) 

a^b=\ 

Let us remark that Q12 is not a symmetric operator i.e. Q12 7 ^ Q2i- If will be important in the 
quantum contraction for the reflection algebra (see section El). 

The R matrix ()A.4011 also obeys 

(i) A Yang-Baxter equation 

Ri 2{,—) Riziz) R23 {w) = R23{w) Rniz) Ri2{—) (A.44) 

w w 
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(ii) Unitarity 


(A.45) 


(in) Crossing-unitarity 
and moreover 


Ruiz) R2iiz-^) = Ciz) 

R%iz) Ml R\liz-^p-^) M-^ = Cizp) 


M1M2, Ri 2 iz) 


= 0 . 


We remind that the fnnctions ( and ( are dehned in ()A.34|1 and ()A.36|1 . 


(A.46) 

(A.47) 


B Review on fusion 

We present in this appendix the fnsion procednre for both periodic and open spin chains. Snch 
process provides sets of constraints facilitating the derivation of the spectrnm of the corresponding 
spin chain. The presentation will be different to the previons one made for example in [25,30]. Here, 
we focns on certain algebraic aspects which may be nsefnll in other contexts since we give an explicit 
constrnction of central elements for UqigliM)) and the reflection algebra. 

B.l Quantum contraction for Uq{gl{N)) 

The fnsion relies essentially on the fact that Rip~^) rednces to an one-dimensional projector (see 
()A.42fl j. For this pnrpose, let ns introdnce, for C^iz) obeying the relations (I2.4D - ()2.5|1 at c = 0, 


Lpz) = V, (ctM)-')' V, (B.l) 

which satisfy 

Rui-) CHz) Rtiw) = CtM ^Hz) Rui-) (B.2) 

w w 

Rn(Z) £;(z) £+(w) = £+(w) £^(z) (B.3) 

By considering ^ = P~^ in (ira, we conclnde that 

QuR^'iz) C^izp) = Ctizp)RHz) Qu = QuRiiz) C2izp)Qi2 (B.4) 

= Q,2S{C^iz)) (B.5) 


The coefficients of the formal series 5(£^(2;)), called qnantnm contraction of C'^iz), belong to the 
center of UgigliAf)), the proof being similar to the one nsed in the case of the Yangian [19]. 

Using the above constrnction of central elements for and taking the trace over 

the anxiliary spaces 1 and 2 of the relation 

f,^{z)T,^{zp) = Qi2 f,^iz)T,^izp) + (Iat 0 Iat - Qu)fi^{z)%^{zp) , (B.6) 
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we obtain the fusion relation 


t'^{z)t^{zp) = d{T^{z)) + t^iz) . 

(B.7) 

We have introduced the fused transfer matrix 


t^{z) = tri2(^(lAr 0 Iat - Qi2)f^{z)T.^{zp)'^ 

(B.8) 

and the transfer matrix 


t^{z) = tri(f±(z)) . 

(B.9) 


B.2 Quantum contraction for the reflection algebra 

As in the closed case we are going to exploit the fact that the R matrix reduces to a one-dimensional 
projector for a particular value of the spectral parameter. We need also new solutions, denoted 
A'(z), of the same reflection equation ()2.d4|l describing physically the reflection of an anti-soliton 
to an anti-soliton (see also [25,26]). A new type of reflection equation is needed, which gives an 
additional constraint between K[z) and K{z) 

Ri 2 {-) Ki{z) R2i{zw) K2{w) = K2{w) Ru{zw) Ki{z) R 2 i{-), (B.IO) 

w w 

Note that this equation is equivalent (exchanging spaces 1 and 2, arguments and w, and using 
unitarity for R{z)) to 

Rui-) K,{z) R2i{zw) K2{w) = K2{w) Ru{zw) Ki{z) ^ 2 i(-), (B.ll) 

w w 

which shows that couple of solutions {K{z),K{z)) can be consistently dehned. 


Lemma B.l Let K{z) and K{z) be two diagonal solutions \2.41]) of the reflection equation \2.34\) , 
with parameters and (Ad,.^) respectively. Then, they obey the additional relation if 

and only if 

M + M=M and = (B.12) 


Proof: Up to a multiplication by {zwfl, the relation (IB.lOjI is a polynomial in ^ and w. Considering 
the {zwfl coefficient, one gets 



K) £ah + ifl-q ^ ^ {h 

a<b<c 



= 


^(/Ca - q ‘^h) Sab + {l-q h Sab 


a<c<b 


(B.13) 


where Sab = Eab®Eab — Eba®Eba and ka (resp. ka) are the diagonal terms of A'(O) (resp. UA'(O)W). 
Considering the case b = a + 1, we are led to 


q ^f,‘^{ka+i - ka) = f‘^{ka - q ^fca+l) 


(B.14) 
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Since fca+i — fca = 0 if a 7 ^ and ka — q~‘^ka+i = 0 if a 7 ^ A/” — M, this implies the hrst constraint. 
The second one is obtained setting a = A1 in ()B.14fl . 

Finally, one checks directly that these constraints are sufficient to solve the relation ()B.10|1 . ■ 

In particular, K{z) = I and K{z) = I are solutions to the set of constraints. 

Similarly, we introduce a new solution K^{z) of the dual reflection equation (12.4711 with the following 
consistency relation 

Ru{^) Mfi R2iiw-h-^p-^) Ml (^K+{w)y = 

(iF 2 +(w))' Ml i?i 2 (ia-A-V) Mfi (iF+(z))* . (B.15) 

Starting from K{z) and K{z), solutions to equations ()2.34|) . ()2.47|) and (jB.lOj) . the matrices K~^{z) = 
f{z)K{p~^z~^yM and K^{z) = g{z)K{p~^z~y^M are solutions to the dual reflections equations 
{f{z) and g{z) are arbitrary functions chosen in the spin chain context such that the matrices have 
analytical entries). Similarly to relation (j2.45jl . we can dehne a new monodromy matrix 

ei(z) = f+(z) v;‘(Tf ( 2 -V-‘))‘V/, (B,i 6 ) 

obeying the exchange relation and satisfying consistency relation (IB.lOfl with B{z). We can 

deduce from relation (jB.lOjl (multiplying on the right by V 1 V 2 and setting 7 = p) the following 
equality 


QuBiiz) R 2 i{z‘^p) B 2 izp)V,V 2 = B 2 {zp) Ri 2 {z^p) Bi{z) V 1 V 2 Qi 2 (B.17) 

= Qi2K^{z)) (B.18) 


and from relation (jB.15jl (transposing in both spaces 1 and 2, multiplying on the left by ViV 2 R 2 i{^) 
and on the right by .^ 12 ( 7 ) and setting 7 = p) 

Qi2ViV2Ky{zp) Mii?i 2 (MV") M^^Rtiz) (B.19) 

= V^^2Kt{z) Mfii72i(^-V) M^Kt{zp) Qu = Qi2S{K+{z)) (B.20) 


Proposition B.2 All the coefficients of the series 5{B{z)), called quantum contraction of B{z), 
belong to the center of the reflection algebra. 

Proof: Using reflection equations and (jB.lOjl as well as Yang-Baxter equations (jA.dljl and 

(IXaI . we can show 

— Ill 111 — ~ — z 

Roi{-)Ro2{-)Bo{w)R2^{wy)R^,{wz)B2{y)Ri2{yz)Bflz)R2fl-) = 
z y y 

— — — Z — VO — VO 

B2{y)Ri2{,yz)Bi{z)R2i{-)Roi{wz)RQ2{wy)BOw)R2o{—)Rio{—) (B.21) 

y y z 


44 

























Multiplying on the right by V 1 V 2 and taking the particular value y = pz in the previous relation, we 
obtain 

z pz 

<5(i3(z))Qi2lh^2^oiMi?o2(p^;^)So(w^)i?2o(—)^io(-)V^i^2 (B.22) 

pz z 

By a direct computation, one can show the following properties 

Qi2ViV2Rqi{wz)R^2{pwz)ViV2 = a{pwz)a{-^)Qi 2 = R2o{pwz)Riq{wz)Qi2 (B.23) 

pzw 

Qi2V^V2R2o{—)Rio{-)ViV2 = b(^)b(— )Qi 2 = ^oi(-)i?02 (—)Qi2 • (B.24) 

pz z z pw z pz 

Using these relations, equality can be rewritten as 

Bo{w)5{B{z))Qi2 = 5{B{z))B,{w)Q^2 , (B.25) 

which is equivalent to the statement of the proposition. ■ 

From the particular form ()2.45j) of B{z) and ()B.16|) of B{z), we deduce that 

i(B(z)) =yT+(^)) i{K{z)) yT-(z-‘)-') 

where 5{T^{z)), 5{T~{z~^)~^) are defined by ()B.5|1 and 5[K{z)) by ()B.18|1 . 

Now, we can obtain the fused relation, using similar relation to ()B.6fl . 

C{z^ p^)h{z)h{zp) = 5{K^{z))5{B{z)) + h{z) 

where 

h{z) = iii(^Kt{z)Bi{z)^ 

h{z) = tri 2 ((Iat ® lAt - Qi 2 )ViV 2 Kt{zp) M,Ru{z-^p-^) M{^K+{z) 

xBRz) R 2 i{z^p) B 2 {zp)ViV 2 ) 

The transfer matrix b{z) is the so-called fused transfer matrix. 

C Generalised fusion 

We describe a generalised fusion procedure for Llg{gl{J\f)) open and closed spin chains [42]. The 
procedure we use follows the lines of the construction of the quantum determinant for Uq{gl{J\f)), 
the Sklyanin determinant for quantum twisted Yangians [33] and reflection algebras. The crucial 
observation here is that for the general case a one-dimensional projector can be obtained by repeating 
the fusion procedure Af times (recall that = 10 ...). The procedure described in the previous 
section is basically a consequence of the fact that Af ^J\f = 1 © {Af^ — 1). Let us now introduce the 
following necessary objects for the generalised fusion procedure for the closed and open spin chains 
(see also equations (2.13) and (2.14) in [43]). 


(B.26) 

(B.27) 

(B.28) 

(B.29) 
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C.l g-antisymmetriser 

We start with the g-permutation (HH): it provides an action of the symmetric group Gj\f on the 
space in the following way. To each transposition (i,i + 1) G ©at, we associate the q- 

permutation P/ g-permuting and {i + 1)*^ spaces. Then, we set, for a G 6^/, ■■ ■ Pq 

where a = (ii, ii + 1)... (p, h + 1) is a reduced decomposition. The decomposition does not depend on 
the choice of the reduced decomposition because of the braid relation satisfied by P/ (see equations 
()A.16|1 and lA.lTfl i. We recall that I = I (a) is called length of the permutation a. We can now 
introduce the g-antisymmetriser 

•4” = ^ (C.l) 

cGSaA 

This operator is the one-dimensional projector on the g-antisymmetric representation belonging to 
the tensorial product of J\f fundamental representations of llg{gl{Af)). 

The fundamental result to obtain the generalized fusion consists in writing the g-antisymmetriser 
in terms of a product of R-matrices 

.4’ n - A“) = n (C.2) 

l<a<b<Af l<a<b<Af 

where the product in the right hand side is taken in the lexicographical order on the pairs (a, b). 


C.2 Fusion from the quantum determinant 

We dehne, for oi,... aj^ G {!,..., A/”}, 

P<ai...aj^> = with Za = Zq^-\ a = 1, . . . , Af (C.3) 

where C'^iz) are solution of relations Q and (EUD with k = 0. Let us remark that we will make the 
fusion for a tensor product of auxiliary spaces (here denoted by 1 ,... ,Af). It is important to note 
the difference between these Af auxiliary spaces and the M quantum spaces present, for example, in 
relation or (imHll . 

From relation ( 1021 ), we can show 

= •CL.„i>= .4» (C.4) 

= A^qdetC^{z). (C.5) 


Relation (1031) defines formal series in terms of 2 ; whose the coefficients belong to the center of 
Uq{gl{Af)) (we can also show that they are algebraically independent and generate the center). 
Similarly, we can write 


qdetC^iz) = 

ctG&n 

= (^) 
creSjv 


(C.6) 

(C.7) 
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Using this above construction of the quantum determinant for and taking the 

trace over all the auxiliary spaces 1,..., A/” of the following relation 

Ui„^> + (i®^ - . (C.8) 

we obtain the so-called generalized fused relation 

N 

= qdetT^{z) +t'^{z) . (C.9) 

1=1 

We have defined the so-called fused transfer matrix t^{z) = tr<i..jy>(I®-^ — To prove 

this relation, one needs to use tr<i jv-> A'^ = 1. The equation (I(h9|l plays a crucial role in determining 
the spectrum of the periodic Ug{gl{J\f)) spin chain. 

C.3 Fusion from the Sklyanin determinant 

We can use a similar construction for the reflection algebra to obtain its central elements and a fusion 
relation. The quantum determinant is replaced by the so-called Sklyanin determinant, dehned as 
follows 


where 




sdet B{z) . 


B 




n 

k=l,...,jV \ 







(C.IO) 

(C.ll) 


(C.12) 


In the above relations, Za = zq^ ^ and B{z) is the generating function for the quantum reflection 
algebra defined by the relation (ESI)- Relation defines formal series in terms of z whose 

the coefficients belong to the center of TZ. To study the fusion, it is necessary to also introduce the 
quantity 


k=l,...,Af \ \l=k+l,...,jV / 

where K^{z) is solution of relation ()2.47j) and we can show that 

■4’Ay, ,A^> = A" = Ai A" 

= A'^ sdet K~^{z) . 


Taking the trace over all the auxiliary spaces 1,..., A/” of the following relation 


(C.13) 


(C.14) 

(C.15) 


(C.16) 


47 






we obtain the so-called generalized fused relation for the reflection algebra 

=sdetK~^{z) sdet B{z) + b{z) , (C.17) 

1=1 

where ({z) is dehned in flA.36j) . We recall that b{z) = tTo{KQ {z)Bq{z)) and we have dehned the 
so-called fused transfer matrix b{z) = tr<i,.jv'>(I®^ ~ discussed in [43], the 

matrix .jv> is necessary so that the trace of the r.h.s. of (jd.lbjl decouples to a product of Af 
transfer matrices. Note that if we choose B{z) of the form (j2.45jl . then its Sklyanin determinant can 
be determined in terms of the quantum determinant: 

sdet B{z) = sdet K{z) qdetT^{z)[qdetl {z~^q~'^^^)) (C.18) 

This factorised form of the Sklyanin determinant allows us to prove easily that its coefficients belong 
to the center of TZ. It is also very useful to compute its explicit form in a given representation (see 
equation ()2.1()()j) h 
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